UNIVERZITA KOMENSKÉHO V BRATISLAVE
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Abstrakt:
Táto diplomová práca sa zaoberá skúmanı́m šı́renia svetla v okolı́ rotujúcej nenabitej čiernej
diery za prı́tomnosti plazmy. Nástroj použitý na výskum je relativistická geometrická optika v
izotropnom prostredı́ s nejednotkovým indexom lomu, ktorá je formulovaná v knihe J. L. Synga,
Relativity, the general theory. V práci stručne zhrnieme formuláciu tejto optiky. Kľúčovými
ingredienciami sa ukazuje byť metrika čiernej diery a rozloženie hustoty plazmy v priestore.
Detailne sa venujeme metrike rotujúcej nenabitej čiernej diery, najprv samostatne bez plazmy
a neskôr aj po pridanı́ plazmy. Všimneme si tiež, ako je plazma okolo čiernej diery rozmiestnená
a načrieme do teórie akrečných diskov. V poslednej kapitole prepojı́me rôzne oblasti, ktorým
sme sa dovtedy venovali samostatne, a nakoniec tieto vedomosti využijeme na výpočet vzhľadu
nočnej oblohy, ako ju vidı́me pri ceste raketou okolo čiernej diery v prı́pade, že sa nachádzame
v prostredı́ vyplnenom plazmou.
Kľúčové slová:
čierne diery, geometrická optika, plazma, akrečný disk
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Abstract:
In this diploma thesis we study propagation of light near the rotating uncharged black hole
in the presence of plasma. The tool used to conduct this study is relativistic geometrical optics
in the isotropic medium with a non-unit refraction index as formulated in the book by J. L.
Synge Relativity, the general theory. In the thesis we briefly summarize the formulation of this
optics. The key ingredients are shown to be the metric of the black hole and the density of
the plasma around the black hole. We study in detail the metric of rotating uncharged black
hole, at first by itself without the presence of plasma and subsequently also in the presence of
plasma. We also look into how the plasma is distributed around the black hole according to
the accretion disc theory. In the last chapter we bring all the studied topics together and use
the knowledge we have gained in the process to calculate the appearance of the night sky as
observed by a traveller in the rocket orbiting a black hole that is surrounded by plasma.
Keywords:
black holes, geometrical optics, plasma, accretion disc
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Preface
Black holes are one of the most fascinating consequences of general relativity. The interior of the
black hole is a region of spacetime from which nothing, not even light can escape. Mysterious
and perplexing, they have long been source of excitement for public and scientific community
alike. Their enigmatic nature even conquered the gates of Hollywood, see for example the
recently released movie Interstellar. They offer a lot of contraintuitive effects, some of them
found in other fields of general relativity too, e.g. time dilation or frame dragging, and some
such as the existence of the event horizon, unique to black holes. It is important to study
even the kind of “ripped from reality” phenomena such as black holes, since it is an interesting
practice of the intellect to study something you do not have an intuition for. On the top of that,
as we witness every day in the modern world, the content of the phrase “away from reality” is
changing from day to day. Even if today the black holes seem unreachable, tomorrow they may
be part of our everyday lives. Okay, maybe I exaggerate a little. However, the recent discovery
of gravitational waves in the LIGO experiment has shown us that black holes are not so much
out of our grasp as we may have thought. It underlines that black holes astrophysics is a live
topic maybe soon to be investigated even experimentally, and surely worth to study.
Usually black holes are supposed to be located in vacuum. As such, they are (at least on
the classical level) characterized only by their mass, charge and intristic angular momentum.
In the real universe, plasma may be often present around the black hole. This plasma is either
captured from the surroundings of the black hole or stolen from the companion star which
is situated in a binary system with the black hole. By adding plasma into the game we are
suddenly combining two interesting fields of physics – general relativity and plasma physics.
This thesis is meant to provide some basic insight into the way in which such merging should
proceed. We are doing this all on a very concrete example – the Kerr black hole and its orbiting
plasma, the accretion disc.
The equations describing the situation are quite difficult. The reader should be familiar with
the proper mathematical apparatus if they want to follow this thesis – first of all the knowledge
of differential geometry is recommended since we are dealing with general relativity. A great
book to study the differential geometry is for example [7]. Due to the complicated character of
equations, numerical methods for solution of the equations are often needed (just for reading
this thesis one does not have to be familiar with them, but they may become necessary should
the reader want to solve some problems discussed in this thesis, for that purpose, we recommend
the book [6]). We have tried to keep the calculations as simple as we could and explain them
in as much details as we could without making the thesis too annoying to read. On the way
through the thesis, the reader will meet a relativistic version of several techniques one can
come across also in non-relativistic physics. To determine the properties of the system black
hole – plasma it is interesting to study the propagation of light in such system. In this thesis
geometrical optics will be used for that purpose. In this context we will meet the relativistic
eikonal equation and its analogue for massive particles – Hamilton – Jacobi equation. We will
also show how to use the symmetries offered to us to our advantage. The black hole will be
at first studied without the plasma and then, inspired by these techniques, we will see what
happens if plasma is added. In the end we will use the knowledge gained and analyse, how
8

would a night sky look if viewed from a rocket orbiting the black hole within the plasma in the
accretion disc.
To keep things short, there is a lot to look forward to (if the general relativity is your cup
of coffee of course). We hope that the thesis will be helpful and enjoyable to read to anyone
who wishes to get in touch with the properties of the black holes in the presence of plasma.

Pleasurable reading and safe travels through spacetime...
Author
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Notations, conventions and units
Here summarize main conventions, notations and unit system choice used in this thesis. We
will work in the geometrized units system, i.e. with the speed of light in vacuum c = 1 and
gravitational constant G = 1. Other important physical constants, such as charge of positron
e, permitivity of vacuum ε0 , reduced Planck constant ~ and so on will be written explicitly.
Because this thesis deals with general relativity, we will work on a spacetime manifold. The
signature of the metric tensor is (−1, +1, +1, +1), i.e. in locally Lorentz coordinates, metric
tensor in any chosen point becomes ηµν = diag(−1, +1, +1, +1). 4-vectors and tensors in the
coordinate free notation are written in the bold font (e.g. V ) and 3-vectors which are defined
in the spatial part of some locally Lorentz reference frame are denoted with arrow (e.g. ~u). In
the component description, we use greek indices (µ, ν, etc.) which assume values {0, 1, 2, 3},
latin indices (i, j, etc.) which assume the values {1, 2, 3} and capital latin indices (A, B,
etc.) which assume the values {0, 3} (the reason for introducing the last kind of indices will
be explained later in the thesis). Vector basis elements and covector components are denoted
with lower indices, covector basis elements and vector components are denoted with upper
indices. Einstein’s summation convention is supposed whenever we have the same upper and
lower index.
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Introduction
In the thesis we will contemplate on the propagation of light in the proximity of an uncharged
rotating black hole which is also surrounded by plasma. Plasma can be present in the surroundings of the black hole in the form of so called accretion disc – disc of hot ionised gas. What do
we need in order to solve this kind of problem? We need to realise that propagation of light in
this problem is determined by two players – the black hole and the plasma.
The influence of the black hole is given according to the general relativity theory by the
metric generated by the black hole. There have been works recently from Bisnovatyi-Kogan
and Tsupko which were dealing with the propagation of light in the Schwarzschild metric (see
[10], [11]). We will consider Kerr metric – the metric of a rotating uncharged black hole. Kerr
metric has two input parameters characterizing the black hole, its mass M and its angular
momentum J. Angular momentum is usually replaced by the Kerr parameter a = J/M .
The influence of the plasma – as an isotropic medium modifying the speed of the electromagnetic radiation – is given by its refraction index. Refraction index of the plasma is a function of
the density of the plasma and the frequency of the light propagating in it. This means that to
consider physically interesting situations we will need some model of the accretion disc which
will provide us with plasma distribution.
Another mechanism by which the plasma could theoretically influence the propagation of
light is its own gravity and gravity of electromagnetic field generated by its charge which would
provide us with extra terms in energy-momentum tensor in Einstein equations and consequently
modify metric. However, in this thesis we will assume that this contribution to the metric can
be neglected with respect to the contribution of black hole (because the mass of the accretion
disc is much smaller than that of the black hole).
To describe how radiation from outside of the disc enters the disc or vice versa, how radiation from the optically thin disc escapes to infinity, we will need equations which determine
propagation of radiation in a medium with gravity and non-unit refraction index. Propagation
of light will be described at the level of geometrical optics, in terms of rays. What we need to
do is to establish the generally relativistic geometrical optics in a medium. In the firs chapter we will consider the Synge’s formulation of the geometrical optics for the general metric
and general form of the refraction index (can be found in [2]). This formulation provides us
with the equation for the phase function – the generally relativistic eikonal equation. There
is an analogue between the eikonal equation and Hamilton – Jacobi equation used for massive
particles. Trajectory of the ray is analogous to the trajectory of the massive particle.
The second chapter will be devoted to building the intuition for Kerr metric. For this
purpose, equations of motion for the test particles in the Kerr metric will be studied. It is
useful to study the case without plasma at first (from simple to complicated). On the case
without plasma we can notice what techniques are used and then look if and when they survive
the addition of plasma. In the third chapter we will look at probably the most frequently used
model for the accretion disc of Kerr black hole – Novikov – Thorne model [8]. The relation for
the refraction index needs to be discussed too. The standard procedure to derive this relation
as it is done in the non-relativistic physics is described for example in Feynman’s course of
physics [5]. We will look at which conditions it is possible to repeat this procedure in general
12

relativity.
After having studied both components of the problem, the plasma and the metric, separately,
we will connect in the fourth chapter the dots drawn in the previous three chapters and look
at the full problem with all elements of the theory put together. The equations of motion for
the light ray will be discussed when plasma and metric both contribute to the trajectory. In
the end we will demonstrate how the equations work by analysing the problem of distribution
of stars on the sky as viewed from a planet orbiting in the accretion disc around the black hole.
The course is set. The aim is clear. All it remains now is to get ourselves a nice big hot cup
of coffee and start our journey through the time and space.
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Chapter 1
Propagation of light in a curved
spacetime with a medium
1.1

Geometrical optics in vacuum

Propagation of electromagnetic radiation is in relativistic and non-relativistic world alike governed by Maxwell equations. Maxwell equations of electrodynamics in general relativity are
(see for example [1], Chapter 22.4):
−Aν;µ;µ + Aµ;µ ;ν + Rµν Aµ = 4πJ ν

(1.1)

where Aµ is electromagnetic 4-potential, Jµ is electromagnetic 4-current and Rνµ is Ricci tensor.
Equations with 4-potential allow for a possibility of gauge transformations, letting us introduce
the Lorentz condition
Aµ;µ = 0
Afterwards, equation (1.1) is reduced to a term with D’Alambert wave operator, curvature
term and current term. These are equations of wave optics. Geometrical optics is established
as a limit solution of the wave optics for short wavelengths. What does it mean? For simplicity
let us consider the case of vacuum without charges:
−Aν;µ;µ + Rµν Aµ = 0

(1.2)

In the vacuum case there are three important length scales: typical wavelength λ, typical scale
L at which the wavelength, amplitude and the polarization of the wave are varying, and the
third scale is R at which the curvature of the spacetime is typically changed. We can obtain
the last scale by creating a quantity R with the dimension of length from Riemann tensor. For
example in Cartesian coordinates the metric tensor gµν is dimensionless. Taking into account
that Riemann tensor contains the second derivative of metric tensor we see it has dimension
µ −1/2
m−2 and so we can define the scale R as Rνρσ
. The condition of geometrical optics says
that the wave can be locally considered to be a plane wave, propagating in a spacetime with
negligible curvature. This is fulfilled if the following conditions hold:
λL

λR

&

Equation (1.2) is now solvable via perturbation method with small parameter  = λ/min{R, L}
by establishing the following Ansatz:
σ

A = Re{(a + b + ...)ei  }
14

where the vectors a, b are terms in the perturbative expansion of the amplitude and σ is the
phase of the wave or “eikonal”. The explicit calculation can be found e.g. in the book of Misner,
Thorne and Wheeler [1]. From the Ansatz we obtain following equations for geometrical optics
in vacuum:
∇k k = 0

(1.3)

k·k =0

(1.4)

1
∇k a = − (∇ · k)a
2

(1.5)

k·a=0

(1.6)

Equation (1.3) is the equation of rays, k being wave vector. The light ray is a curve which has
k as a tangential vector in every point. Simultaneously from the differential geometry point of
view we recognise the geodetic equation and in combination with (1.4) we can see that light rays
are really null geodetics as they should be in vacuum. Equation (1.5) – equation of transport
of the amplitude – says that the amplitude as a 4-vector is transported parallel along vector
k but its length changes. Finally, equation (1.6) says that amplitude is perpendicular to the
wave vector, i.e. the direction of the ray.
In the most trivial case of spacetime without gravity it is possible to obtain solution with
the source of light in x = y = z = 0. It is very much intuitive that a spherical wave will be the
solution in this case. We can now introduce the notion of wavefront as a two dimensional surface
with constant eikonal at any given time t. Individual wavefronts are numerated by eikonal. If
we were able to “see” four-dimensional spacetime, we would have seen that wavefronts with the
same eikonal create hypersurface in the spacetime. This is the wave.

1.2

Generalization of the wave concept

The construction discussed in the previous section can be generalized and used to find equations
for geometrical optics in a medium with some non-unit refraction index. Let us imagine waves
as a system of mutually not intersecting hypersurfaces in spacetime which can be numerated
with a monotonically varying real parameter σ. We will distinguish between spacelike, lightlike
and timelike waves in the sense that their normals at any point are timelike, lightlike or spacelike
respectively. We can now introduce the eikonal function σ(x) which tells us the ordinal number
of the wave this point of spacetime belongs to. For aesthetic reasons this function is rescaled
to so called phase function f :
f =−

h
σ
2π

where h is some so far undetermined (but suggestively denoted) constant which we will later
identify as Planck’s constant.The gradient of f we will be denoted by p – momentum. Waves
with σ = 2πn (n is integer) are called crests. It is obvious that the phase function between
two successive crests decreases by the value h. Another thing (person), which is needed in our
spacetime, is an observer moving through spacetime along the worldline C (which is naturally
timelike). As the observer travels, they pass through points with different values of f . The
time dτ = ds which they measure on their clock while passing between two successive crests is
15

called the period with respect to the observer C. Let us denote this time by T . The following
relation holds:
−h = 4f = f,µ dxµ = pµ V ν ds = pµ V ν T
and so we get
T =−

h
pµ V ν

(1.7)

where V is 4-velocity of the observer. In an orthonormal tetrad with the timelike base vector
oriented in direction of the worldline C we obtain for the frequency
hν = −pµ V ν = −p0 = p0 = E

(1.8)

so that the constant h must in fact be Planck’s constant. As a result we get the Planck’s
relation.
Another notion we need to build is the phase speed of the wave. We can do it by the
following line of thought: Let us imagine a surfer on a crest of a sea wave. The surfer is
obviously moving with the wave, but they have a freedom of moving along the wave crest.
Then it is natural to identify speed of the wave as the speed of that surfer who is not doing any
“own movement” and is just moving with the wave. So we can obtain the speed of the wave
by measuring the speed of all possible surfers and taking the smallest value.
Let us now apply this scheme in our case. We can choose a fictive test particle S (“surfer”)
which is moving along the wave W . Let the worldline of particle S bisect the worldline C of
the observer in the point x of spacetime. After the time dτ elapsed on the observer’s clock,
the particle S has moved in spacetime by the infinitesimal vector dx. However, the observer
looks upon the spacetime perpendicularly, which means he sees that the particle S has moved
by vector dξ – projection of the vector dx to the observer’s instantaneous physical space (see
the figure 1.1):
dξ + V dτ = dx
dξ · V = 0

(1.9)

By combining equations (1.9) we can obtain an expression for the velocity of the particle S
with respect to observer C:
dx
dξ
=−
−V
(1.10)
dτ
V · dx
Additionally, the condition that the particle S remains on the same wave must hold. This is
equivalent to dx being perpendicular to the local normal vector p:
~uS =

p · dx = 0

(1.11)

Minimalizing of the speed over all possible test particles S means minimalizing over all dx
for which the relation (1.11) holds. We can obviously choose to minimalize the square of the
velocity instead of its absolute value,
~u2S = 1 +

dx2
(V · dx)2

(1.12)

Mathematically this is a variation problem of finding the extreme of (1.12) with the constraint
(1.11) which is equivalent to finding the extreme of Lagrange function L with the Lagrange
multiplicator α:
L=1+

dx2
+ αp · dx
(V · dx)2
16

(1.13)

Figure 1.1: Observer C passing a test particle S that moves along the wave W
By solving this problem we get for the phase speed of wave u:
~u2 =

(p · V )2
(p · V )2 + p2

(1.14)

Now we can check that the vector p has the interpretation which we like, i.e. should some
observer measure this vector, they could assign them standard interpretation. This means that
in any locally Lorentz frame, the following holds: p = (E, p~) = h(ν, (1/λ)~n), where E is energy
of the photon, p~ its momentum, ν its frequency, λ its wavelength and ~n is some unit vector in
the direction of momentum. In observer’s tetrad, the time basis vector is their 4-velocity and
this we have already checked. Wavelength is defined standardly as (phase speed)×(period) and
we can check simply that this is consistent with standard interpretation of momentum vector
(local Lorentz reference frame uses Minkowski metric, in our signature (-1,+1,+1,+1)):
s
(p · V )2
h
h
λ = uT =
= 2
(1.15)
2
2
(p · V ) + p (−p · V )
p~
Another byproduct we obtain by solving the variational problem is the direction of vector dx:
ν=

dx
p·V
∼
p−V
|dx|
p2

(1.16)

This is the direction of the phase speed of wave. More correctly, we must project this vector
to the instantaneous physical space of the observer (the one perpendicular to their 4-velocity
V ) which represents the direction of the phase speed of the wave as seen by the observer:
~ν⊥ = ν − νk ∼ p + (p · V )V

(1.17)

The exact normalisation constant for this vector is not important because we are interested in
the direction. Equations (1.16) and (1.17) will be of use in discussion analysing direction of
different vectors in geometrical optics which will be conducted in the next section.
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1.3

Geometrical optics in a medium

Utilizing the view of the wave presented in the section 1.2 we are almost done because in
isotropic medium (phase speed does not depend on direction) the refraction index n is equal
to reciprocal value of phase speed. The “observer” in this case is chosen to be the medium,
considering refraction index is given too with respect to the medium. We get medium equation:
1
p2
n = 2 =1+
~u
(p · V )2
2

(1.18)

After trivial rearrangements, some cosmetics and recalling p is ∇f we can proudly introduce
the medium equation:
1 µν
[g + (1 − n2 )V µ V ν ]f,µ f,ν = 0
2

(1.19)

where 1/2 is just a cosmetic factor. Let us stop here for a while and enjoy the result (1.19)
for a little bit. We have now an equation which has two inputs: metric tensor gµν for gravity
(the one of the black hole) and refraction index n (of the plasma) – the parameters we wished
for in the introduction. Considering situation n = 1 we again obtain vacuum case, eikonal
equation (1.4)– check. Equation (1.19) is to be understood as a partial differential equation of
the first order with f as the output. To solve this kind of equation general technology has been
developed by mathematicians called method of the characteristics. It consists in transferring
problem to the nine dimensional space (x, p, f ) and solving a system of ordinary differential
equations called the characteristic system. Left side in the equation (1.19) will be denoted
H(x, p, f ). We see in this case H does not depend on f . Characteristic system of the equation
(1.19) can be then written as:
dxµ
ds
dpµ
ds

=

∂H
∂pµ

∂n
= pµ + [(1 − n2 )p · V − n ∂(p·V
(p · V )2 ]V µ
)

∂H
1 ρν
= − ∂x
µ = − 2 g,µ pρ pν −
df
ds

=

∂H
p
∂pµ µ

1 ∂n
[(1
2 ∂(p·V )

− n2 )(p · V )2 ](pν V,µν ) + nn,µ

= [g µν + (1 − n2 )V µ V ν ]pµ pν

(1.20)
(1.21)
(1.22)

Derivation of the refraction index n could have been rewritten via scalar product derivation p·V
in (1.20) assuming refraction index depends on p only via this scalar product. This is plausible
assumption recalling the meaning of scalar product as a frequency of wave (see 1.8). Curve in
the nine dimensional space obtained by solving of these equations is called characteristic (s is
a parameter changing along the characteristic). Shadow of the characteristic in the spacetime
is called a light ray. We can see this definition of the ray is consistent with the vacuum case.
However, in case of non-unit refraction index we see that the ray tangent does not lie in direction
of the wave vector p anymore (see (1.20)) and contains also a component in the direction of V .
We also see that the phase function is constant along the ray.
Let us also spare a moment to discuss directions of the vectors in geometrical optics. In
this chapter we have met four interesting directions: direction of the wave vector p, direction of
the ray, direction of the phase speed and direction of the medium 4-momentum V . Direction
µ
is given by the equation (1.20).
of p is given as normal to the wave. Direction of the ray dx
ds
Direction of V is considered given. And finally direction ν of the phase speed can by obtained
by combining relations (1.16) and (1.19):
ν ∼ p − p · V (n2 − 1)V
For the comfort we will once more write here equation of ray:
∂n
dxµ
= pµ + [(1 − n2 )p · V − n
(p · V )2 ]V µ
ds
∂(p · V )
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(1.23)

Now we have everything given by vectors V and p. We see that in vacuum case where n = 1
ray direction as well as phase speed direction is that one of p. However, in a non-dispersive
medium with non-unit refraction index ray and phase velocity direction remain the same but
their direction has also a V component in addition to their p component. Finally, in a dispersive
medium case (such as plasma), where refraction index explicitly depends on frequency, none of
the vectors has the same direction any longer. However, considering the refraction index adds
only components parallel to V (see (1.23) and (1.24)), the observer moving with medium will
in their instantaneous physical space see the same phase velocity direction and ray direction
(see also equation (1.17)).
Now the equations are ready. In the next chapters we will discuss what to plug in them as
the metric tensor gµν and refraction index n.
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Chapter 2
Black holes and their description
2.1

General overview of the black hole solutions

The term “black holes” describes those geometries (solutions to Einstein equations) which
contain a region of the spacetime from which no particle (massive and massless alike) can
escape once entering. “The no-hair theorem” states that one needs only three independent
parameters to describe such geometries – black hole mass M , black hole angular momentum
S and black hole electric charge Q. However, for practical use the angular momentum S is
S
. The solutions for some values of these
usually replaced by so called Kerr parameter a = M
parameters have their own names:
• Non-rotating and uncharged black hole solution – M 6= 0, a = 0, Q = 0 – is called
Schwarzschild solution and describes the simplest possible blackhole. We describe this solution
by the following metric tensor:
ds2 = −(1 −

1
2M 2
dr2 + r2 dθ2 + r2 sin2 θdϕ2
)dt +
2M
R
1− R

(2.1)

This solution has spherical symmetry as well as coordinate time translational symmetry. Parameter 2M is sometimes referred to as gravitational radius (or also Schwarzschild radius) rG
and is actually the radius of this black hole.
• Non-rotating charged black hole solution – M 6= 0, a = 0, Q 6= 0 – aka Reissner Nordstrom
solution has the metric tensor as follows:
ds2 = −(1 −

Q2
2M
+
)dt2 +
R
4πε0
1−

1
2M
R

+

Q2
4πε0

dr2 + r2 dϑ2 + r2 sin2 ϑdϕ2

(2.2)

This differs from Schwarzschild solution only by adding the Q-term. We can see that symmetries
remain the same as in Schwarzschild solution.
• Rotating, uncharged black hole solution – M 6= 0, a 6= 0, Q = 0 – is called Kerr solution:
ds2 = −(1 −

2M r
)dt2
ρ2

+

ρ2
dr2
M

+ ρ2 dϑ2 + (r2 + a2 +

− 4Mρ2ra sin2 ϑdtdϕ

2M ra2
ρ2

sin2 ϑ) sin2 ϑdϕ2
(2.3)

where ρ = r2 + a2 cos2 ϑ and M= r2 − 2M r + a2 . This solution has lost spherical symmetry
which was reduced just to axial symmetry. The cause to this is that the angular momentum S
has set a privileged direction in space. As this geometry is of primary importance to this thesis
we will not say anything more right now but rather analyse this solution in further detail in
the next sections. For now let us just finish the black hole metrics overview.
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• Rotating and charged black hole solution – M 6= 0, a 6= 0, Q 6= 0 – is described by Kerr –
Newman geometry:
ds2 = − ρM2 (1 −

a2 sin2 ϑ
)dt2
M

+

ρ2
dr2
M

2

+ ρ2 dϑ2 + (r2 + a2 + [(r2 + a2 )2 − a2 M sin2 ϑ] sinρ2 ϑ dϕ2

−(r2 + a2 − M) 2a
sin2 ϑdtdϕ
ρ2

(2.4)
2

Q
where ρ2 = r2 + a2 cos2 ϑ as in case of the equation (2.3) but M= r2 − 2M r + a2 + 4πε
has in
0
addition gained the Q-term. Kerr-Newman solution has also just axial and time translational
symmetry rather than spherical symmetry for the same reason as Kerr solution. Solution (2.4)
is reduced to (2.3) or (2.2) by setting corresponding parameters to zero and all solutions can
be reduced to Schwarzschild solution (2.1) if we set both a = 0 and Q = 0. It is also worth to
note that parameters M, a, Q cannot be arbitrary but they must fulfil a certain constraint for
a black hole to form (for event horizon to exist):

a2 +

2.2
2.2.1

Q2
≤ M2
4πε0

(2.5)

Kerr geometry and its properties
Metric tensor

Kerr geometry, as mentioned in the previous section, is a geometry given by the metric tensor
in equation (2.3). It has two free parameters, mass M of the black hole and Kerr parameter a.
For reader’s comfort we will write metric tensor gµν also in its matrix form:


2
r
2M ra
−(1 − 2M
)
0
0
−
sin
ϑ
2
2
ρ
ρ


ρ2
0
0
0


M
gµν = 
(2.6)

2
0
0 ρ
0


2
− 2Mρ2ra sin2 ϑ 0 0 (r2 + a2 + 2Mρ2ra sin2 ϑ) sin2 ϑ
It will be later useful to know also the contravariant form of metric tensor which is inverse
matrix to (2.6). As the matrix is block-diagonal, it is not so hard to be computed:


2
−(r2 + a2 + 2Mρ2ra sin2 ϑ) 0 0
− 2Mρ2ra

M2
1
0
0
0


µν
ρ2
g = 
(2.7)

M
M

0
0 ρ2
0
r
0 0 sin12 ϑ (1 − 2M
)
− 2Mρ2ra
ρ2
Another issue that deserves our attention at this stage are symmetries. Kerr’s geometry obviously possesses axial and also time-translational symmetry. This means that shifts with
constant (r, ϑ) coordinates, with (t, ϕ) varrying only, they do cause any change in spacetime
geometry. Additionally, we can express this fact via differential geometry – Kerr metric possesses two Killing vectors ξt = ∂t and ξϕ = ∂ϕ . Flow transformations along integral curves
of any linear combination of Killing vectors do not change the metric. Killing vectors satisfy
Killing equations:
(Lξ g)µν = ξµ;ν + ξν;µ = 0
where L stands for Lie derivative, which is the infinitesimal flow transformation operator.
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2.2.2

Event horizon and ergosphere

There are two important boundaries in Kerr geometry one should know if dealing with it. The
first is the event horizon – something every black hole should have. One could say it represents
the “surface” of the black hole: nothing, mass nor light, can come back once having crossed
the event horizon. One can identify the event horizon by analysing the singularities of the Kerr
metric (2.3)(2.6). Looking at the g11 component one can see that a singularity occurs in case
M= r2 − 2M r + a2 = 0. This is quadratic equation with the solution:
√
(2.8)
r ± = M ± M 2 − a2
One can show that r+ is not physical but just coordinate singularity by computing Riemann
curvature tensor. Although the metric tensor diverges at r+ the Riemann tensor does not. The
r+ root is the event horizon - by passing from Boyer-Lindquist to Kerr coordinates it is possible
to show that there is no escape from beyond the surface r+ , but we will not do this here.
Let us analyse equation (2.8) a bit more (only the + term now as we are analysing event
horizon). We notice that by increasing a the event horizon radius r+ decreases, i.e. rotation
acts against creating a black hole. By looking the at equation (2.8) one can see that the event
horizon exists only if the term under square root is positive which yields a constraint on black
hole parameters:
a≤M

(2.9)

This means there is a maximal allowed rotation at which the black hole will form. This extremal
case a = M is called extremal Kerr black hole. If the body rotates faster black hole will not
form. So radius of the event horizon of rotating uncharged black hole can go from r+ = 2M
(i.e. gravitational radius) for a non-rotating black hole (Schwarzschild) to r+ = M for an
extremal black hole. We can also notice that condition (2.9) is a special case of (2.5) for Q = 0.
Condition (2.5) can be analogically obtained from the metric (2.4).
Another important region in Kerr’s metric is called ergosphere (greek “ergos” = work,
the name is connected with Penrose proces which will, however, not be discussed in this thesis).Boundary of the egosphere is called “static limit” because one can find it by asking a
question if an observer can be “static” everywhere outside the black hole, i.e. if they can hold
constant spatial coordinates (r, ϑ, ϕ) = const along their worldline. Taking into account that
the observer’s 4-velocity square must always be -1 we get condition (using equation (2.3)):
−(1 −

2M r
)(U 0 )2 = −1
2
ρ

(2.10)

where U 0 is zeroth component of observer’s 4-velocity U µ = (U 0 , 0, 0, 0). Now we see that for
the condition (2.10)to be fulfilled, g00 must be negative:
r
= −(1 − r2 +a2M
2 cos2 ϑ ) < 0
√
r > M + M 2 − a2 cos2 ϑ

g00 = −(1 −

2M r
)
ρ2

The equality case is the static limit :
r=M+

√
M 2 − a2 cos2 ϑ

(2.11)

Note that on the poles (ϑ = 0 and ϑ = π) the ergosphere boundary touches the event horizon
but everywhere else it is above the event horizon, the farthest in the equatorial plane. In the
ergosphere a physical observer cannot be static, hence the name “static limit”. This effect is in
the literature referred to as “frame dragging” and is generally connected with all rotating bodies
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and their gravity (it does not have to be a black hole). Frame dragging means that the space
itself is “dragged along” with the rotating source of gravitational field and so physical observers
do not have other possibility than to corotate with the source. In case a = 0 (Schwarzschild)
ergosphere and event horizon become one so there is no ergosphere and physical observer can
be static everywhere outside the black hole. On the contrary in case of extremal black hole,
the ergosphere is the largest possible with equatorial radius going to 2M . For reader’s comfort
we also add schematic picture (2.1) of ergosphere and event horizon:

Figure 2.1: Ergosphere and event horizon for slowly and fast rotating black holes

2.2.3

Free motion of the test particles

When dealing with a black hole, we can observe the effect of its gravitational field by using test
particles. Test particles are particles which do not generate gravitational or electromagnetic
field in the sense that these fields have negligible effect on its trajectory and are small in
comparison with the external fields on medium and large distances. Such particles move along
the geodetics.
It is worth to investigate in detail also the case of Kerr metric without plasma for two
reasons. Firstly, we will need to know movement of such particles to construct some simple
accretion disc model for plasma case. Secondly, when we solve the plasma case we will need
something to compare with the solution, to see what new effects the plasma has brought. For
this reason we will now analyse the movement of massive test particles (dust – the first reason)
and massless test particles (photon – the second reason).
The case of non-zero mass
To obtain the geodetics equation we can start from quadratic lagrangian L:
1
L = gµν ẋµ ẋν
2
Thanks to the symmetry we can exclude the variable ϑ by assuming movement in equatorial
plane, i.e. choosing initial conditions ϑ0 = π2 and ϑ̇0 = 0. Starting to solve Lagrange-Euler
equation right ahead is not a good idea. We can simplify them by spotting the conserving
quantities. For two cyclic coordinates t, ϕ we can obtain two conserving momenta in a standard
way:
∂L
pµ =
= const
∂ ẋµ
thus, we have:
E
−m
:= −ε = gtA ẋA = Ut
l
:= λ = gϕA ẋA = Uϕ
m
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(2.12)

where E and l are energy and angular momentum of the test particle, m is its rest mass, U is
4-velocity and A is effective index summing through t, ϕ (gAB is the non-trivial block of metric
tensor (2.6)). Another conserving quantity is 4-velocity square (we could also obtain this as
conservation of Hamiltonian due to “cyclic” affine parameter s):
−1 = U 2 = gµν ẋµ ẋν = gAB U A U B +
= g AB UA UB +

r2
M

r2 2
ṙ
M

=

ṙ2

(2.13)

Here we have used that the blocks in the metric tensor (2.6) work out their algebra separately,
so the “seesaw rule” works for A, B indices too. Now we can plug (2.7), (2.12) into (2.13) to
get ṙ2 :
ṙ2 = − rM2 (1 + g AB UA UB ) =
2

= r12 [ε2 (r2 + a2 + 2Mr a ) − ελ 4Mr a − λ2 (1 − 2M
)− M] =
r
1 2 3
= r3 [ε (r + a2 r + 2M a2 ) − ε(4M aλ) − λ2 (r − 2M ) − r3 + 2M r2 − a2 r]

(2.14)

Let us have a better look at this equation: We have two parameters characterizing the black
hole M, a which are fixed at the beginning and do not change. Then we have two parameters
ε, λ which characterize different test particles and we can change them for the same black hole
to see all possible trajectories. We will now be interested in the circular orbits that are possibly
present near the black hole. To find these orbits it is useful to notice that equation (2.14) is a
polynomial in ε and as such it can be factorized in a standard way:
ṙ2 = A(r)(ε − U+ )(ε − U− )
3

2

2

a
and U± (denoted as “potentials”) are roots of the quadratic equation
where A(r) = r +a r+2M
r3
(it is not necessary to write them explicitly):

F (U, r) = U 2 (r3 + a2 r + 2M a2 ) − U (4M aλ) − λ2 (r − 2M ) − r3 + 2M r2 − a2 r = 0 (2.15)
Now that we have defined “effective potential”, the reasoning is analogous to that in solving
the orbit problem on the Newtonian mechanics level or orbits in Schwarzschild metric, i.e. we
set ε = U± (one at a time) and consider extremes of effective potential U± . If we do not have
an extreme of effective potential, the test particle just “reflects” on this potential when ṙ2 = 0
occurs. This means circular orbits also fulfil the condition:
dU
=0
dr

(2.16)

where U is either U+ or U− (one at a time).
We can divide the circular orbits to stable and unstable with respect to small changes in
the radius r = r0 + δr. For stable orbits, we have to allow the particle small “energy kick” δε
if it should be allowed to leave the stable configuration. We can see the difference between the
two kinds of orbits by plugging this into (2.15) with consideration to (2.16) and keeping only
terms up to the second order:
˙ 2 = A(r0 )δε(U+ (r0 ) − U− (r0 ) + δε) + δrδε[A0 (r0 )(U+ (r0 ) − U− (r0 )) − A(r0 )U 0 (r0 )] +
δr
−
1 00
2
+A(r0 )(U+ (r0 ) − U− (r0 ))(− 2 U+ (r0 )δr )
(2.17)
We see that even stable configurations are allowed to have perturbations. Now we compute
the derivative of (2.17) with respect to the affine parameter and after trivial rearrangements
we get:
¨ + A(U+ − U− ) 1 U 00 δr = 1 δε[A0 (U+ − U− ) − AU 0 ]
δr
−
2 +
2
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(2.18)

This equation is close to the heart of every physicist. Assuming U+ is the greater root and U− is
the smaller root we see that to obtain a stable circular orbit we need U+00 (r0 ) > 0 (yes, it is then
a linear harmonic oscillator equation). The right hand side of equation (2.18) refers to a small
shift in the equilibrium position (if we had not done this around the potential extreme, we would
have got here zero order term, i.e. “big shift” in equilibrium position hence the perturbation
theory would not have worked). Repeating this analysis for U− we obtain a condition for the
stable circular orbit U−00 (r0 ) < 0 (the sign change caused by the opposite sign in the U+ − U−
term). Now obviously stability/unstability of the orbit changes when second derivative changes
sign, i.e. for the marginally stable circular orbit we have equation:
d2 U
=0
dr2

(2.19)

This means that the marginally stable circular orbit is given by the set of three equations (2.15),
(2.16) and (2.19) for three free parameters ε = U , λ, rms where ms index stands for “marginally
stable”. It is convenient to obtain the second equation by utilizing the rule for differentiating
implicitly given functions:
∂F
dU
∂r
= − ∂F
=0
dr
∂U

∂F
=0
∂r

⇒

(2.20)

and subsequently to use this to obtain the third equation:
!
∂F
∂2F
d2 U
d
∂ 2F
∂r
∂r2
=
−
=0
=
−
⇒
∂F
∂F
2
dr2
dr
∂r
∂U
∂U

(2.21)

Other terms of the derivative in (2.21) have vanished as a consequence of (2.20). Now we can
easily write our system of equations:
ε2 (r3 + a2 r + 2M a2 ) − ε(4M aλ) − λ2 (r − 2M ) − r3 + 2M r2 − a2 r = 0
ε2 (3r2 + a2 ) − λ2 − 3r2 + 4M r − a2 = 0
6ε2 r − 6r + 4M = 0

(2.22)

We immediately get ε2 from the third equation:
ε2 = 1 −

2M
3r

(2.23)

The second equation together with the expression for ε2 gives us λ2 :
λ2 = 2M (r −

a2
)
3r

(2.24)

and plugging the expressions for ε2 and λ2 into the first equation we obtain the equation for
r. It is also a good idea to clean the equation from an unnecessary dimensional constant by
rh
measuring everything in “M ” units: a = qM and r = xM (q ∈ [o, 1], x > M
). The r-equation
is then written as:
p
x3 − 6x2 − 3xq 2 + 4q 2 = ∓2q 2(3x − 2)(3x2 − q 2 )
(2.25)
where the minus signholds for the corotating orbits (λ > 0) and the plus sign for contrarotating
orbits (λ < 0). This equation is not so easy to solve for general q, but one can easily guess
solution for the extremal black hole q = 1:
contrarotating :
corotating :

r− = 9M
r+ = M

ε=
25

5
√
3 3
√1
3

ε=

√ M
λ = − 322
3

λ=

√2 M
3

(2.26)

The second part of this result is suspicious, because the event horizon and smallest stable orbit
radius are the same. It is therefore useful to investigate the behaviour of corotating orbits also
in the case of near-extremal black holes, i.e. q = 1 − δ where δ is a small positive real number
(this was also done in [3]). For the event horizon radius rh we get from (2.8):
√
(2.27)
rh = M (1 + 2δ)
where the δ 2 -term in the square root is neglected (the result holds up to the term O(δ 3/2 )).
To get the solution for the marginally stable circular orbit in the case of near-extremal black
hole, it is convenient to rewrite the equation (2.25) using the substitution x = 1 + y. The point
is that we know the solution for the extremal black hole is x = 1 and y is to be seen as a
perturbation to this solution caused by slowing the rotation slightly (which we have done by
setting q = 1 − δ). Plugging this into (2.25) and neglecting higher order terms we obtain:
√
3
y = 4δ
From this we get corrections to r+ and also energy and angular momentum for the marginally
stable circular orbit in near-extremal black hole,
r+ = M (1 +

√
3

4δ)

√
1
3
ε = √ (1 + 4δ)
3

√
2M
3
λ = √ (1 + 4δ)
3

(2.28)

In the expressions for energy and angular momentum Taylor expansions are used since the
parameter δ is small. Now, comparing (2.27) and (2.28) we see that in near-extremal geometry,
marginally circular stable orbit is above the event horizon (1/3-power converges to zero slower
that 1/2-power). This means that the identity of event horizon and marginally stable corotating
circular orbit in case of the extremal geometry is the result of them being still closer and closer
as the black hole rotation was approaching its maximum.
From our analysis we see that corotating circular stable orbits exist all the way down to the
event horizon for the extremal Kerr black hole, however contrarotating stable circular orbits
exist only down to 9 times event horizon radius (effect of frame dragging). We can compare
this to the well-known solution for the Schwarzschild black hole (non-rotating – a = 0) where
rms = 6M (there are no corotating and contrarotating orbits because the black hole does not
rotate). Assuming the solution changes continuously and monotonically with the parameter q
from 1 to 0, we can guess that with decreasing the rotation, the “gap” between r+ and r− is
getting smaller until it vanishes totally at q = 0 (we can also notice this tendency from the
perturbative solution for corotating orbits (2.28)). This is schematically drawn in the figure
(2.2):
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Figure 2.2: Marginally stable orbits for corotating + and contrarotating − particles, the wouldbe Schwarzschild marginally stable orbit s is drawn with the dashed line
The case of zero mass
In the case of zero mass, to obtain photon trajectories the philosophy is similar to the one for
non-zero mass, so we will do this computation by copying that procedure and commenting on
the differences.
We start from Lagrangian (2.12), restrict the problem only to the equatorial plane by setting
ϑ0 = π2 , ϑ̇0 = 0 and obtain conserving momenta via (2.12) with their standard interpretation
for photons:
−~ω = −ε = gtA ẋA = Ut
Lz = λ = gϕA ẋA = Uϕ

(2.29)

After this we proceed to 4-momentum square, which is however zero for photons in vacuum,
and plugging (2.29) we obtain:
2

0 = U 2 = g AB UA UB + rM ṙ2
ṙ2 = r13 [ε2 (r3 + a2 r + 2M a2 ) − ε(4M aλ) − λ2 (r − 2M )]
Following in our footsteps from the previous section we get the trio of equations for the
“marginally stable orbit” which is a kind of ”degenerated” version of equations(2.22):
ε2 (r3 + a2 r + 2M a2 ) − ε(4M aλ) − λ2 (r − 2M ) = 0
ε2 (3r2 + a2 ) − λ2 = 0
6ε2 r = 0

(2.30)

This is really different from the massive particle case, since the third equation is nonsensical: ε
cannot be 0 because there would be no photon then and r cannot be 0 because the orbit would
be located inside the black hole. This just means that all orbits are either stable or unstable.
We will now proceed by reducing the system (2.30) to only the first two equations, ignoring the
third one – i.e. looking for ANY circular orbits. From the second equation λ can be expressed
in terms of r, ε and plugged into the first one and after some rearrangement and getting rid of
the dimensional constants we get:
p
−x3 + 3x2 + 2q 2 = ±2q 3x2 + q 2
(2.31)
For q = 0 we obtain an old friend from Schwarzschild geometry, the orbit at r = 3M which
is known to be unstable. Meanwhile if we choose the black hole to be extremal q = 1, we get
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cubic equation after squaring both sides of equation (2.31). After grinding it through the first
program for cubic equations we can google out (equation gourmets are of course welcome to use
Cardan’s formulae) we obtain r+ = M for corotating orbits and r− = 4M for contrarotating
orbits. We do not calculate what energy or angular momentum the ray on photon orbit has,
because it is not given uniquely (it depends on the frequency of light), but we can calculate
their ratio from equation√(2.30). Later, we will name this ratio “impact parameter” b = λ/ε.
For q = 0 we have b = 3 3M , for the extremal we have b+ = 2M and b− = −7M .
Both orbits should be unstable too if we assume that while changing q from 0 to 1 the orbits
would not somehow change their stability (it would be weird). Or of course one can compute
the second derivative and check (we will not do it here). What we will do, again, is to check
the suspicious corotating orbit situated at r = M . We set q = 1 p
− δ and x = 1 + y. Plugging
this into equation (2.31) and solving for y we find out that y = (8/3)δ. We can compare it
to the marginally stable particle orbit and event horizon convergence:
√
rh = M (1 + 2δ)
p
rph = M (1 + (8/3)δ)
√
rpart = M (1 + 3 4δ)
We see that the event horizon and the photon orbit go to M with the same power but different
constants, which assures that the photon orbits is above the event horizon in the near extremal
Kerr metric. The particle orbit goes to M with lesser power, i.e. much slower than the photon
orbit and the event horizon.
Assuming continous and monotonical changes of these orbits as before, we can guess that
for q decreasing from 1 to 0 the gap between r+ and r− will get smaller until they meet at
r = 3M . The picture for these orbits would look qualitatively the same as (2.2), the difference
would be in their meaning: while for the massive particles we got the marginally stable circular
orbit (i.e.there exists other stable circular orbits above and unstable circular orbits below), for
the photons we have got the only circular orbits possible which are unstable.

2.2.4

Deflection of the light ray in Kerr geometry

In the previous section we have discussed bound orbits in Kerr geometry. Now we will consider
unbound orbits for light – i.e. we will study the deflection of the light ray. Deflection of massive
particles will not be interesting in the context of this thesis.
Deflection of light is governed by the same equations as bound motion, but with different
initial conditions. Similarly to the case of bound orbits we can distinguish whether the incident
ray is moving in the direction of the black hole rotation (we will refer to this as “corotating
deflection”) or against the direction of the black hole rotation (“contrarotating deflection”).
An interesting variable here is the deflection angle α – the angle by which the incident ray
direction is changed once the light escapes to infinity. To obtain this we will need an equation
for spatial trajectory, i.e. dr/dϕ. Recycling the relations from the previous section we have for
ṙ and ϕ̇:
ṙ2 =

1 2 3
[ε (r
r3

+ a2 r + 2M a2 ) − ε(4M aλ) − λ2 (r − 2M )]
ϕ̇ = g ϕA UA =M−1 [ 2Mr a ε + (1 − 2M
)λ]
r

where in the second relation we have used equation (2.29), expression for contravariant metric
(2.7) and capital latin indices known from the previous section as indices for the nontrivial
block of the metric tensor. By combining these two equations we can put together the equation

28

for the spatial trajectory:
2 
3 "

M
1
1 dr
=
−
2M a 2
r2 dϕ
r2 − 2M r
(b + r−2M
)

1
Mr2
(r−2M )2

#
(2.32)

where b is the impact parameter defined as b = λ/ε. In the case a = 0 the equation (2.32)
is reduced to the equation found in classical books on general relativity, e.g. Misner, Thorne,
Wheeler, Gravitation, Part V, § 25.6 – [1]. We will not worry about possible zeroes that
seemingly raise in the expression (2.32) if r = 2M since if we look how this expression was
formed, we see that the only possible zero in the denominator would come from ϕ̇ = 0 at some
point of the trajectory which would imply radial infall or outflow at this point and we are not
interested in such trajectories at the moment. Now we can put the fractions in (2.32) over a
common denominator and factorize the numerator:
 √

 √
r M
r M
2M a
2M a
2 
3

+
+
b
−
−
b
r−2M
r−2M
M
1 dr

 r−2M r−2M
=
2
2
2
2M
a
Mr
r dϕ
r − 2M r
(b + r−2M )2 (r−2M )2
The first expression in the numerator can be annulled by negative impact parameter (contrarotating deflection) and the second by positive impact parameter (corotating deflection). These
expressions define “effective potentials” for the impact parameter B+ , B− as:

2
1 dr
= A(r, b)(b − B+ )(b − B− )
r2 dϕ
where the function A contains all the uninteresting stuff of which we assume it has no zero
points. Then similarly to the procedure standardly carried out in Schwarzschild geometry, we
define the return point R at which B± (R) = b. The angle α of which the light ray is deflected
is then given by:
Z ∞
dr
p
|α| = |∆ϕ| − π = 2
−π
(2.33)
2
A(r, b)(b − B+ )(b − B− )
R r
where M ϕ is the increment of the coordinate angle (its absolute value) as the light ray goes
from r = ∞ to the closest approach radius r = R and then back to infinity.
The impact parameter |b| has the lower limit |bcrit± | which is different for corotating and
contrarotating deflection. This limit is obtained as the extreme of the potentials B± , i.e. by
±
= 0. After doing the calculation and setting r = xM, a = qM we
solving the equation dB
dr
obtain the equation:
p
x3 − 5x2 + 6x − 2q 2 = ±2q x2 − 2x + q 2
(2.34)
where the + sign refers to contrarotating orbits and the − sign refers to corotating orbits.
If q = 0 (Schwarzschild), equation (2.34) has a relevant root x = 3, i.e. R = 3M which is
in fact unstable photon orbit in Schwarzschild geometry. The corresponding impact parameter
defined √
as bcrit = B(R) (now ± is not important because the two functions are the same) is
bcrit = 3 3M .
If q = 1 (extremal Kerr), equation (2.34) has a relevant root R = M for corotating deflection
and R = 4M for contrarotating deflection which also coincide with unstable photon orbits we
have computed in the previous section. However, this is no coincidence: if we recall how we
obtained equations for photon orbits it was the same analysis as here, only with an insignificant
factor 1/ϕ̇2 . Now we can in addition obtain critical impact parameters which are interesting
for deflections: bcrit+ = 2M and bcrit− = −7M .
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Using again the argument that the photon orbits change continuously
while changing q from
√
3M
to
5M
for contrarotating
0 to 1, we see that the critical
impact
parameters
vary
from
3
√
deflection and from M to 3 3M for corotating deflection. The gap between the ± impact
parameters is large for fast rotating black holes and small for slowly rotating ones.

2.2.5

Deflection of light in weak field

In case the weak field limit, i.e. far away from the black hole, it is possible to compute
the deflection angle explicitly. Weak field limit means that we consider the situation when
|b|  |bcrit | ∼ M (M is multiplied by a factor from the interval [1,5]) and r  re.h. ∼ M (M
is multiplied by a factor from the interval [1,2]). At this stage we will not put any constraint
on the parameter a except from the inequality a ≤ M imposed in (2.9). Deflection of the light
ray is given by the equation for spatial trajectory (2.32). Before we begin any further analysis
of this equation we can conveniently rewrite it in terms of dimensionless parameters, reciprocal
impact parameter β = M/b, reciprocal radial coordinate u = M/r and dimensionless angular
momentum q = a/M :
#
3 "
 2 
β2
u2 (1 − 2u)2
1 − 2u + q 2 u2
du
−
(2.35)
=
2qβu 2
dϕ
1 − 2u
1 − 2u + q 2 u2
)
(1 + 1−2u
where the variables must satisfy the constraints 0 < u  1, 0 < |β|  1 and 0 < q < 1. In case
q = 0 we get the expression known from the analysis of the deflection of light in Schwarzschild
geometry:
 2
du
= β 2 − u2 (1 − 2u)
dϕ
On the right hand side there is a third degree polynomial, which this fact greatly simplifies
further analysis. However, we can reduce equation (2.35) to a polynomial, too, by using u  1
and expanding the right hand side of the equation into the Taylor series. We want to see
rotational corrections to the Schwartzschild, so we have to expand up to the fourth order in
u, β:
 2
du
= β 2 − 4qβ 3 u − u2 (1 − 3q 2 u2 β 2 ) + 2u3 − 2q 2 u2
dϕ
This is unfortunately a fourth degree polynomial and its analysis is quite complicated. We can
further simplify the analysis by assuming only slow rotation, i.e. q  1. In this regime, q 2
terms can be neglected which reduces the degree of the polynomial and we are left with:
 2
du
= f (u; β, q) = β 2 − 4qβ 3 u − u2 (1 − 2u)
(2.36)
dϕ
Note that the only difference between Schwarzschild and weakly rotating Kerr black hole in
the weak field approximation is the linear term of this equation. The next calculation is a
straightforward generalization of the calculation for Schwarzschild metric which can be found
e.g. in Synge, Relativity The General Theory, chapter VII, §7 – [2]. For explicit calculation it
is convenient to factorize the polynomial f (u; β, q). We will assume that it has three distinct
real roots (this is not obvious, but one can always plot the graph for some values of the
parameters q, β if they do not believe it). In this case the polynomial f is factorized as f =
2(u − u1 )(u − u2 )(u − u3 ), where u1 < u2 < u3 . If one notes that f (0; β, q) = β 2 , it is obvious
that the first root is negative and the other two are positive. Distance of the closest approach
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is given by the first positive root starting from zero, i.e. u2 . Furthermore, by comparing linear
and quadratic terms in f , one gets two equations for the roots:
u1 + u2 + u3 = 1/2
u1 u2 + u2 u3 + u3 u1 = −2qβ 3
If we take into account that u2 is small (because it is the closest approach distance which is
still far greater than M ), we can get approximate expressions for u1 and u3 by using these two
equation,
2u1 = −2u2 + (2u2 )2 − 8qβ 3
2u3 = 1 − (2u2 )2 + 8qβ 3

(2.37)

Now the deflection of the light ray α can be computed as:
Z u2
du
p
−π
α=2
2(u − u1 )(u − u2 )(u − u3 )
0

(2.38)

Putting (2.37) into (2.38) and applying the substitution 2u = z, we can expand the denominators into Taylor series and take the lowest order including the q correction (β is of the same
order as z2 ),
Rz
1
r
α = 2 0 2 √ dz
−π '
2
2
z 2 −8qβ 3
z2 −z

'2

R z2
0

√ dz
2
z2

−z 2

(1 +

(1−

2
1 z2
2 z+z2

2
z+z2

+ 12 z −

)(1−(z+z22 −8qβ 3 ))
4qβ 3
z+z2

−

z24
3
8 (z+z2 )2

− 83 z 2 ) − π

(2.39)

Integration of the “1” term gives π which cancels out and the other terms give corrections of
the first and second order:
α = 4u2 −

4qβ 3
3π 2
)u
− (2 +
u2
4 2

(2.40)

Parameters u2 and β here are linked through the equation f (u2 ; β, q) = 0. Lowest order
solution is obviously u2 = |β|. Now we can obtain the second order term by solving this
equation perturbatively, with u2 = |β| + δ where δ is of the second order in β. The result is
u2 ' |β| + β 2 . By plugging this into (2.40), expanding to the second order and returning to
the physical variables we get the final formula:
4S
3π
M2
4S
4M
− 2 −(
− 2) 2 sgnβ = αSch − 2
(2.41)
b
b
4
b
b
The first order term is the well-known relation for the deflection of light in the weak field in
Schwarzschild geometry. We see now that the rotational correction to the deflection of the light
ray in the weak field approximation appears only in one term and is of the second order. We have
also a non-rotational second order correction. We denoted non-rotational part sumarily αSch .
Rotation decreases the absolute value of the deflection angle in case of corotating deflection and
increases the absolute value of deflection angle in case of contrarotating deflection. Intuitive
understanding of this fact comes with realizing that the rotation of the black hole causes a
frame-dragging effect – locally inertial reference frames are rotating against the direction of
rotation of the black hole. In a locally inertial reference frame the observer at a given point
sees the light propagate along a line, but due to rotation of the frame the deflection angle shifts
in global coordinate frame (see figure (2.3)). Similar situation occurs if a high velocity particle
impacts into a whirpool - if the particle corotates with the whirpool, it is accelerated and is
deflected less than a particle which impacts against the direction of rotation and is decelerated.
α=
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Figure 2.3: Rotational effect on light propagation – intuitive understanding (we are looking at
the black hole from upstairs, rotation axis is perpendicular to the figure)

2.2.6

Motion outside the equatorial plane

Until now, we have only dealt with motion of the test particles in equatorial plane. In
Schwarzschild metric, it is possible to treat all situations as such a motion because, thanks
to the spherical symmetry, the angle coordinates can always be redefined so that the initial ϑ
momentum would be zero. Sadly, because of a lower level of symmetry this is not possible in
the Kerr metric. We are left only with three conservation laws (energy, angular momentum and
4-momentum square) – so if we do not want to keep any of the second order equations offered
by Lagrange – Euler equations, we are still one equation short. Fortunately, it is possible to
find the fourth “non-obvious” conservation law by using the eikonal equation (1.19) derived
in the chapter 1. More precisely, this holds true for massless particles. For massive particles,
there exists an equation analogous to the eikonal equation, called Hamilton – Jacobi equation.
Hamilton – Jacobi equation
Hamilton – Jacobi equation can be obtained from Lagrange formulation of the mechanics of
pointlike particle. The procedure we are going to show can be also found in [12]. First, the so
called Hamilton’s principal function (in some literature also called dynamical phase) is defined
as,
Z τ
S(x, τ ) =
Ldτ̃
(2.42)
τ0

where L is Lagrangian (L = (m/2)gµν ẋµ x˙ν , m being the mass of the particle) and the upper
and lower limit of integration are the proper times of when the particle was at the points x0
and x. The integral is taken along the “true path” (i.e. the one that solves to the equations of
motion). Now we can analyse what will happen if we perform a small shift of the point x to
x + dx. Then, the true path shifts slightly as well (x shifts to x(τ̃ ) + h(τ̃ )). Suppose also that
the final proper time τ is shifted to τ + ∆τ , so that it holds dx = ẋ(τ )∆τ + h(τ ). Now we have
to do some variational calculus:
 µ

τ
R τ ∂L
d ∂L
µ
h (τ̃ )dτ̃ + ∂∂L
h
(τ̃
)
+ L∆τ
S(x + dx, τ + ∆τ ) = S(x, τ ) + τ0 ∂x
µ − dτ̃ ∂ ẋµ
µ
ẋ
τ0
= S(x) +

∂L
dxµ
∂ ẋµ

− H∆τ

where H is superhamiltonian of the system defined as H = ∂∂L
ẋµ − L. The integral in the first
ẋµ
expression for S(x + dx, τ + ∆τ ) is zero due to Euler – Lagrange equations. From the second
expression we obtain two equations, the first of them being:
∂S
= pµ = mUµ
∂xµ
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(2.43)

where U µ = ẋµ is the 4-velocity of the particle. The other equation we have is:
∂S
= −H
∂τ

(2.44)

It is easy to check, that in our case H = L = 1/(2m)g µν pµ pν and if we insert here for pµ from
the equation (2.43), we obtain:
1 µν ∂S ∂S
∂S
=−
g
∂τ
2m
∂xµ ∂xν
This is called Hamilton – Jacobi equation. Furthermore, from the normalisation of the 4-velocity
follows H = m/2 and inserting here from (2.43)we get something also called the Hamilton –
Jaccobi equation (similarly to the situation in quantum mechanics, where we also have “two
Schödinger equations”):
g µν

∂S ∂S
+ m2 = 0
∂xµ ∂xν

(2.45)

Note, that in the case m = 0 we obtain the eikonal equation for the vacuum case.
Separation of variables for the motion in Kerr metric
The reason why the Hamilton – Jacobi method is better then just to use plain old Lagrangian is
that in addition to the “obvious” conservation laws that rise from cyclic coordinates we can also
sometimes discover additional constants of motion by the technique of separation of variables.
We can consider both massive and massless particles all at once by leaving m arbitrary and
setting it to zero whenever we wish to see the result for light. Separation of variables consists
in assuming that the dynamical phase is sum of two functions of which one is only the function
of the variable we want to separate and the second is the function of all the other variables.
Iteratively, if we assume that all variables separate we can write the Ansatz for the dynamical
phase as:
S(t, r, ϑ, ϕ) = St (t) + Sr (r) + Sϑ (ϑ) + Sϕ (ϕ)
Moreover, if we recall (2.43) and that t and ϕ are cyclic in the Kerr metric, it is obvious that
St and Sϕ must be linear functions and so we have:
S(t, r, ϑ, ϕ) = −Et + Lϕ + Sr (r) + Sϑ (ϑ)

(2.46)

where E is the energy of the test particle and L is the z-component of its angular momentum. Before we substitute this Ansatz into the equation (2.45), it is convenient to rewrite the
contravariant metric tensor (2.7) as:
]]g = −

1
M
1
1
2
2
2
2
2
2
[(r
+
a
)∂
+
a∂
]
+
[∂
+
a
sin
ϑ∂
]
+
(∂
)
+
(∂ϑ )2
t
ϕ
ϕ
t
r
2
2
2
2
2
Mρ
ρ
ρ
ρ sin ϑ

(2.47)

Here ] is sign for the abstract “raising index” operation and ∂µ = ∂x∂ µ is the vector coordinate
base as understood in differential geometry (in fact, we can regard the expressions in the
brackets in (2.47) as a reper field in which the metric tensor is diagonalized). Now, we can
take expressions (2.46) and (2.47) and plug them into (2.45). After doing some elementary
rearrangement we obtain:
{r2 m2 −

1
1
[aL − (r2 + a2 )E]2 + M (Sr0 )2 } + {m2 a2 cos2 ϑ +
[L − a sin2 E]2 + (Sϑ0 )2 } = 0
M
sin2 ϑ
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Now the first bracket is only the function of r and the second bracket is only the function of ϑ,
so by traditional separation-of-variables argumentation, both must be constant (with opposite
signs). We have just found the fourth constant of motion K. It is called Carter’s constant in
honour of its discoverer (Carter, 1968). Its definition relation is:
1
[aE sin2 ϑ − L]2 + Sϑ02 =
sin2 ϑ
1
= −r2 m2 + [(r2 + a2 )E − aL]2 − M Sr02
M

K = m2 a2 cos2 ϑ +

(2.48)

From the ϑ expression we see that K cannot be negative. We can also find the missing parts
of the dynamical phase:
Z
dr p 2
[(r + a2 )E − aL]2 − M (K + r2 m2 )
(2.49)
Sr =
M
r
Z
1
2
2
Sϑ = dϑ K − m2 a2 cos2 ϑ −
(2.50)
2 [aE sin ϑ − L]
sin ϑ
The integration constants that arise during these integrations can be added to the additive
constant in dynamical phase (S comes into the Hamilton – Jacobi equation only in derivations,
so automatically it has an additive integration constant, the “initial phase”). If we wanted “full”
dynamical phase, which stands in equation (2.44), we would have to add term −(m/2)τ into the
dynamical phase, so that equation (2.45) would hold. We can summarize these considerations
in the following formula for the dynamical phase:
Z
dr p 2
1
[(r + a2 )E − aL]2 − M (K + r2 m2 ) +
S = − mτ − Et + Lϕ +
2
M
r
Z
1
+ dϑ K − m2 a2 cos2 ϑ −
[aE sin2 ϑ − L]2
(2.51)
sin2 ϑ
To obtain equations for the trajectory, we imagine that we impose a canonical transformation
on the Hamilton equations with a generating function S, where xµ are the old coordinates and
(m, E, L, K) (we will refer to them as αµ , but µ will be thought of just as an index numerating
the constants and not the covector index) are the new momenta. In this transformation, the
∂S
+ Hold = 0 and so the new coordinates β µ = ∂α
are
Hamiltonian transforms as Hnew = ∂S
∂τ
µ
subject to trivial Hamilton equations and are also constants of motion. The additive constant
in dynamical phase can always be redefined so that all constants β µ would be zero. More
details on how to find solutions to equations of motion using the canonical transformations of
Hamilton equations can be found for example in Landau’s course –Mechanics – [4]. Equations
∂S
β µ = ∂α
= 0 allow us to get the solution to equations of motion in quadratures. If we are
µ
interested only in spatial trajectory, equations with αµ = K, L will suffice. From the K equation
we get the relation between ϑ and r:
Z
Z
dϑ
dr
q
p
=
(2.52)
2 + a2 )E − aL]2 − M (K + r 2 m2 )
2
1
2
2
2
2
[(r
K − m a cos ϑ − sin2 ϑ [aE sin ϑ − L]
and from the L equation we get the equation for ϕ:
Z
dr[aL − (r2 + a2 )E]a
p
ϕ=−
+
M [(r2 + a2 )E − aL]2 − M (K + r2 m2 )
Z
dϑ(L − aE sin2 ϑ)
q
+
sin2 ϑ K − m2 a2 cos2 ϑ − sin12 ϑ [aE sin2 ϑ − L]2
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(2.53)

We will come back to this approach also in case of plasma and investigate what form the plasma
density has to have for Carter’s constant to survive and for this kind of solution in quadratures
to be possible.
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Chapter 3
Accretion discs
In the realistic situations, plasma occurs in the vicinity of the black hole in the form of the
accretion disc. Accretion disc is created when the black hole is in a binary system with a
“normal” star. In certain conditions, the gas is captured by the black hole gravity and the
matter is accreted. Models for such discs were formulated in seventies by Shakura – Sunyaev
(non-relativistic version) [9] and Novikov, Thorne (relativistic version) [8]. In the next section
we will review results from the Novikov – Thorne model of the disc relevant for us.

3.1

Novikov–Thorne disc

The Novikov – Thorne model of the disc (further just NT disc) is formulated for a close binary
system, where close means that the black hole and normal star distance is not much greater
than the diameter of normal star. The system is assumed to rotate on circular orbits. If the
normal star fills out its Roche lobe, flux of gas from the star to the black hole is possible through
the inner Lagrangian point. This gas has significant angular momentum with respect to the
black hole and so accretion disc is formed.

3.1.1

NT disc structure

Disc is a body which possesses an axial symmetry and a middle-plane mirror symmetry, therefore it is more natural to describe it in the cylindrical-like coordinates rather than spherical-like
coordinates, i.e. to use (r0 , ϕ, z) instead of (r, ϑ, ϕ). NT disc axis is the same as the black hole
rotational axis and moreover, thanks to high angular momentum of the gas with respect to
the black hole, the disc is geometrically thin, i.e. the characteristical halfthickness h and the
characteristical radial size R satisfy h/R  1. Because of this, we need the metric only on a
thin “pancake” around the middle plane, which allows us to simplify the coordinate transformation from spherical to cylindrical coordinates as r0 = r sin ϑ ' r, z = r cos ϑ ' r(π/2 − ϑ),
and subsequently dr0 ' dr, −rdϑ ' dz. We also have ρ2 ' r2 . Using this, we can write the
metric tensor (2.3) in the form:
ds2 =

r2
−r2 M 2 A
dt + 2 (dϕ − ωdt)2 + dr2 + dz 2
A
r
M

(3.1)

where the notation was taken from Novikov, Thorne [8], A = r2 (r2 + a2 + 2M a2 /r) and ω =
2M ar/A. The interesting reference frame in our situation is the locally Lorentz reference frame
with respect to which a test particle orbiting the black hole with angular velocity Ω = dϕ/dt is
at rest – the “orbiting frame”. One can obtain explicit expressions for this frame in two steps:
first we define some appropriate locally Lorentz reference frame, then we calculate the velocity
of the orbiting particle with respect to this frame and perform a boost with this velocity.
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Locally Lorentz reference frame has the metric tensor from the special relativity. Just by
looking at the metric tensor (3.1) we see that such metric tensor can be obtained by choosing
the covector basis:
q
2
et̃ = rAM dt
q
eϕ̃ = rA2 (dϕ − ωdt)
q
2
r̃
e = rM dr
ez̃ = dz
Repers and corepers transform with inverse matrices relative to each other, so it is easy to
calculate the repers corresponding to the corepers given above:
q
et̃ = rA
2 M (∂t + ω∂ϕ )
q
2
eϕ̃ = rA ∂ϕ
p
er̃ = rM2 ∂r
ez̃ = ∂z
(3.2)
An observer who is at rest with respect to this frame has 4-velocity V = et̃ . As it turns out,
this observer has zero angular momentum. We can assure ourselves by directly computing it
L = mV ·ξϕ = met̃ ·∂ϕ = met̃ (∂ϕ ) = 0. This reference frame is also called “locally non-rotating
reference frame”, because the light signal sent in both directions along circular paths with the
help of a sequence of mirrors would come back at the same time (see Misner, Thorne, Wheeler,
Gravitation, Exercise 33.3 – [1]).
We know that the 4-velocity of the particle orbiting with angular velocity Ω in coordinate
frame has components V µ = (ṫ, 0, 0, ϕ̇) = ṫ(1, 0, 0, Ω). The expression for Ω of the massive particle moving along the geodetic circular orbit can be calculated using the conditions g AB UA UB = 1
and g AB0 UA UB = 0, prime denoting the derivative with respect to r. We will only write down
the final relation, since the calculation involves a lot of algebraic manipulations:
Ω=

±1
M −1/2 r3/2

±a

where the ± refers to corotating and contrarotating orbit respectively. Vector components
transform in the same way as covector basis elements sop
we can immediately
p rewrite the vector
V to the locally non-rotating reference frame: V µ̃ = ṫ( (r2 M)/A, 0, 0, A/r2 (Ω − ω)). This
frame is locally Lorentz, so the velocity of the orbiting particle with respect to this frame is
given simply by:
V(ϕ) =

V ϕ̃
A
= 2 √ (Ω − ω)
t̃
V
r M

(3.3)

To boost from locally non-rotating to orbiting frame, use special Lorentz transformation with
eϕ̃ as “x” direction. The vector bases are of course boosted with inverse boost matrix that can
be formed by replacing −V(ϕ) with V(ϕ) . The resulting expressions for the orbiting frame are:
q
et̂ = γ rA
2 M (∂t + Ω∂ϕ )
q
q
2
eϕ̂ = γ rA ∂ϕ + γV(ϕ) rA
2 M (∂t + ω∂ϕ )
pM
er̂ = r2 ∂r
eẑ = ∂z
(3.4)
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2 −1/2
where γ is Lorentz factor defined in the standard way as γ = (1 − V(ϕ)
)
. We can also figure
out the covector basis transformation law by using direct boost transformation matrix (not
inverse) on the locally non-rotating covector base:
q
q 
q
2
r
M
A
t̂
e =γ
+ V(ϕ) ω r2 dt − γV(ϕ) rA2 dϕ
A

q
q 
q
r2 M
A
ϕ̂
e = −γ V(ϕ) A + ω r2 dt + γ rA2 dϕ
q
2
er̂ = rM dr

eẑ = dz

(3.5)

To obtain the disc structure the task is separated into two parts, to find the radial and
vertical structure of the disc. We will not do these calculations in full detail, because they can
be found in Novikov – Thorne, but we will sum up the main features needed for this thesis.
Radial structure of the disc
The main parameter which is used to characterize the accretion disc is the so called accretion
rate Ṁ0 , i.e. the rate at which the mass is accumulated in the disc. Radial structure of the disc
is expressed in terms of four variables: surface density of the disc Σ, integrated shear stress
W , mass-averaged radial velocity v̄ r̂ and flux of radiant energy (just from the upper side of
the disc) F . The “hatted” indices refer to the orthonormal reference frame orbiting with the
particles on circular orbits. Here are explicit definitions of these quantities:
R +h
Σ = −h ρ0 dz
R +h
W = −h Tϕ̂r̂ dz
R +h
v̄ r̂ = Σ1 −h v r̂ ρ0 dz
F = T 0̂ẑ (z = h) = −T 0̂ẑ (z = −h)
where ρ0 is rest mass of the gas, T is the stress-energy tensor and v r̂ is the radial velocity of
the gas. Three conservation laws are defining the radial structure:
• conservation of rest mass (number of particles): should we choose a cylindrical spacetime
surface S, the increment in the mass inside of the cylinder over the time interval ∆t is given
by the rest mass flux as
Z
Ṁ0 ∆t =
ρ 0 u · d3 Σ
S

where d3 Σ is oriented inwards. This can be rewritten in terms of the quantities of interest as:
Ṁ0 = −2πrD1/2 Σv̄ r̂

(3.6)

where D = 1 − 2/r∗ + a2∗ /r∗2 . Variables with asterisk are measured in M units, i.e. a∗ = a/M
and r∗ = r/M (in the previous chapter we have used different notation, here we have taken
Novikov, Thorne notation – previously r∗ = x = 1/u and a∗ = q).
• conservation of angular momentum expressed by the equation:
∇ · (T (ξϕ , .)) = 0
where ξϕ is the axial-symmetry Killing vector. The stress energy tensor T of the gas in the
disc can be written as:
T = ρ0 (1 + Π)u ⊗ u + t + u ⊗ q + q ⊗ u
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where Π stands for internal energy (which can be in most cases omitted because we have nonrelativistic gas), t is the stress tensor (in the local rest frame of gas) and q is the energy flux (as
measured in the local rest frame of the gas). This equation can be integrated in the z-direction
and combined with equation (3.6) to
−


Ṁ0 L̃
+ r2 BC −1/2 DW ,r + 2rL̃F = 0
2π

(3.7)
3/2

where L̃ is specific angular momentum for the circular orbit, B = 1 + a∗ /r∗
3/2
3/r∗ + 2a∗ /r∗ .
• conservation of energy is given by the equation:

and C = 1 −

u · (∇ · T ) = 0
which yields, after passing to the variables of interest,
 1/2
3 M
F =
C −1 DW
4 r3

(3.8)

Equations (3.6), (3.7) and (3.8) form set of two algebraic and one differential equation, so we
need one additional condition (initial condition for the differential equation). This is given by
the requirement that the shear stress at last stable orbit must vanish W (rms ) = 0. Solving the
differential equation one gets:
Ṁ0 M 1/2 C 1/2 Q
( )
2π r3
BD
3Ṁ0 M Q
= 8πr2 r BC 1/2
r̂ 1/2

W =
F

Ṁ0 = −2πrΣv̄ D

(3.9)

with the function Q defined as
r∗

FL dr∗
(3.10)
3/2
r∗ms BCJ r∗
 R

3 ∞ F dr∗
1/2
1/2
where L = (F/C ) − (L̃ms )/(M r) and J = exp 2 r∗ BC r2 . The complicated expression
∗
for Q arises by using the variation of constants to solve equation (3.7). The resulting formula
requires two integrations. For numerical applications it is more convenient to find Q by solving
−1/2
differential equation for it directly. In this alternative approach Q = qr∗
+ L, where q is
given by the differential equation:
Q=L−

3

1/2
2r∗

q0 = −

Z

J

3 F
(q + Lr∗1/2 )
2 BCr∗2

(3.11)

with the initial condition q(rms∗ ) = 0. For completeness we also give here expressions for L̃ms
and rms from [8] (we have done the calculations in chapter 2 explicitly for the extremal black
hole):
2M
√
(3x
3x

− 2a)
p
rms = M [3 + Z2 − (3 − Z1 )(3 + Z1 + 2Z2 )]
p
√
√
Z1 = 1 + 3 1 − a2∗ ( 3 1 + a∗ + 3 1 − a∗ )
p
Z2 = 3a2∗ + Z12
L̃ms =

√
where x = M rms . Equations for the radial structure give us only the product Σūr̂ , not both
variables on their own. These will be given by the equations for the vertical structure.
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Vertical structure of the disc
Vertical structure of the disc is given by the properties of the gas. We assume that the characteristic scale at which radial structure varies is far greater that the characteristic scale of
vertical variation, so we can treat the variables locally as function of z only. Moreover, the
locally orbiting frame (the “hatted” frame) is locally inertial in the z direction (neither Coriolis,
nor centrifugal forces act in that direction), therefore special relativistic laws are valid there, as
far as we are interested in the z dependence only. This is a consequence of the equivalence principle. The gas is non-relativistic, so special relativity is reduced to non-relativistic theory, the
ẑ
only relativistic contribution being the expression for the gravitational force g = R0̂ẑ
z instead
0̂
2
of standard Newtonian expression g = −∂z Φz. The interesting variables are rest mass density
ρ0 , pressure p, shear stress tr̂φ̂ , temperature T , energy flux q ẑ and mean Roseland opacity κ̄.
Boundary conditions used are T (h) = 0, ρ0 (h) = 0 and q ẑ (0) = 0.
Equations from various regions of physics which govern these variables are:
dp
ẑ
= ρ0 g = ρ0 R0̂ẑ
z which
• Pressure is given by the equation of hydrostatic equilibrium dz
0̂
can be solved approximately to obtain the relation between p and h,

h=

pr3
M ρ0

1/2

AB −1 C 1/2 D−1/2 E −1/2

(3.12)

where E = 1 + 4a2∗ /r∗2 − 4a2∗ /r∗3 + 3a4∗ /r∗4 .
• Shear stress is given by the so called “alpha prescription” as tr̂ϕ̂ = αp, where α is a
function of r and z with values between 0 and 1.
• Energy flux q ẑ can be replaced by the value of (1/2)F given by radial structure.
• Energy transport is assumed to be radiative, ruled by the equation bT 4 = κ̄ΣF , b being
the Stephan – Boltzman constant.
• For the equation of state, the dominant terms are radiation pressure and gas pressure, so
that we have: p = (1/3)bT 4 + (ρ0 /mp )kT , where mp is mass of a proton.
• Opacity is composed of two terms, the opacity κ̄f f coming from free-free absorbtion
(thermal Bremstrahlung, free electron scatters on hydrogen) and the opacity κ̄es coming from
photon scattering on electron.
Final version of the model
Novikov and Thorne have divided the disc into three regions: outer region at large radii with
dominating gas pressure and free-free absorbtion, middle region at intermediate radii dominated
by gas pressure and electron scattering and inner region at the smallest radii dominated by
radiation pressure and electron scattering. In their work, all variables of interest we have
talked about before are given, but here we will cite only those relevant for our thesis, which are
ρ0 and h:
11/20 −15/8 −17/20 3/10 −11/40 17/40 11/20
r∗
A
B D
E
Q
3/20
houter = (9 × 102 cm)α−1/10 M∗3/4 Ṁ0∗ r∗9/8 A19/20 B −11/10 C 1/2 D−23/40 E −19/40 Q3/20
2/5
ρmiddle
= (10 g/cm3 )α−7/10 M∗−11/10 Ṁ0∗ r∗−33/20 A−1 B 3/5 D−1/5 E 1/2 Q2/5
0
1/5
hmiddle = (3 × 103 cm)α−1/10 M∗7/10 Ṁ0∗ r∗21/20 AB −6/5 C 1/2 D−3/5 E −1/2 Q1/5
−2 3/2 −4 6
ρinner
= (1 × 10− 4 g/cm3 )α−1 M∗ Ṁ0∗
r∗ A B DE 2 Q−2
0
hinner = (1 × 105 cm)Ṁ0∗ A2 B −3 C 1/2 D−1 E −1 Q

ρouter
= (8 × 101 g/cm3 )α−7/10 M∗−5/4 Ṁ0∗
0
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(3.13)

where M∗ = M/(3M ) and Ṁ0∗ = Ṁ0 /(1017 g s−1 ). Boundaries between the regions outer –
middle and middle – inner are implicitly given by equations:
2/3

r∗out/mid = 2 × 103 M∗−2/3 Ṁ0∗ A2/3 B −8/15 D−1/3 E −1/3 Q2/3
16/20

r∗mid/in = 40α2/21 M∗−2/3 Ṁ0∗

3.2

A20/21 B −36/21 D−8/21 E −10/21 Q16/21

(3.14)

Refraction index of the plasma

In this section, the refraction index of the plasma will be discussed. The derivation for the
refraction index of the plasma in the non-relativistic physics can be found in a lot of textbooks,
for example in Feynman’s lectures [5]. We will investigate, to what extent this procedure is
salvageable after adding the relativity. The physical cause for modified phase speed of electromagnetic radiation is that electromagnetic wave propagating through plasma causes oscillations
of the electrons in the plasma. These electrons subsequently emit another electromagnetic wave
which then adds to the original wave and the result is effectively a change of phase speed. We
will see that the phase speed is a function of the wave frequency, i.e. plasma is a dispersive
medium.
The main ingredients we need are Maxwell equations of electrodynamics (3.15), (3.16) and
Lorentz equation for the motion of a charged particle (3.17):
1 α
J
ε0
Fαβ,γ + cycl. = 0
maα = qF αβ uβ
F αβ;β =

(3.15)
(3.16)
(3.17)

where F is the tensor of the electromagnetic field, J is the electromagnetic 4-current and
m, q, a, u are the mass, charge, 4-acceleration and 4-velocity of the charged particle respectively.
We can get rid of the semicolon in (3.15) by working in the locally inertial reference frame. The
typical spacetime curvature is much greater than typical wavelength as well as typical distances
of neighbouring plasma particles. This means that we can consider locally inertial frame as
“globally” inertial on some medium scale, which is much smaller than typical curvature, but
also much larger than typical wavelength and typical distances between neighbouring particles.
On this scale, special relativity laws are valid in this “locally global” reference frame. This
means that we can write ordinary derivatives instead of covariant ones and consider plasma in
the continuum approximation (i.e. we have well-defined J ).
Now that we are in special relativity and use Cartesian coordinates, we can do the usual
manipulations with Maxwell equations. We recall that the tensor of electromagnetic field is
related to electric intensity and magnetic induction as F 0̂î = E î and F îĵ = εîĵ k̂ B k̂ , where hatted
indices refer to locally inertial reference frame. The curl of the Faraday law is equivalent to
“multiplying” îĵ 0̂ component of equation (3.16) by , ĵ. We obtain:
∂
~ =M E
~ − ∇(∇ · E)
~
(∇ × B)
∂ t̂
where t̂ is time in the locally inertial frame. According to Coulomb law (or equivalently the
zeroth component of equation (3.15)) the divergence term is equal to the charge density as
measured in the locally inertial reference frame, which can be put equal to zero, because the
plasma is quasineutral. Furthermore, the curl term can be rewritten by using Faraday law (the
î-th component of equation (3.15)) and we obtain:
(M −

∂2 ~
1 ∂~j
)
E
=
ε0 ∂ t̂
∂ t̂2
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(3.18)

Suppose the centre of mass of the plasma volume element is at rest with respect to the locally
inertial frame (such reference frame can always be chosen) and the velocities of plasma particles
are non-relativistic in this reference frame (not too high temperature). Then in Lorentz equation
~ term.
of motion (3.17), the proper time can be replaced with t̂ and we also do not have the B
As a result, the equation is reduced to:
q ~
d~v
= E
m
dt̂

(3.19)

The current density ~j is composed of electron and positive ion contribution. Because positive
ions are heavy, their contribution can be neglected and we have
∂~j
d
e2 N ~
= −eN ~v =
E
∂t
dt
m
where N is the number density of electrons, e is elementary charge and m is mass of electron.
~ = E~0 ei(~k·~x−ωt̂) to obtain
We can insert this into equation (3.18) and use plane wave Ansatz E
the refraction index n:
ωp2
k2
n = 2 =1− 2
ω
ω
2

(3.20)

where the quantityωp , called plasma frequency, is defined as
ωp2

e2 N
=
ε0 m

(3.21)

The refraction index is a function of the angular frequency of the wave ω measured in the
locally inertial rest frame of the plasma. Actually, only the “clock ticking” is important when
measuring frequency, so any locally Lorentz frame with respect to which plasma is at rest, not
just locally inertial (freely falling) frame will get the job done.
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Chapter 4
Propagation of light in Kerr metric
with plasma
In this chapter, we will put together the knowledge obtained in previous chapters to study the
propagation of light in Kerr metric in the presence of plasma. The apparatus used will be the
geometrical optics obtained in the first chapter combined with the Kerr metric discussed in the
second chapter and properties of plasma we have studied in the third chapter.
In chapter 1 we have seen that light rays are described by the superhamiltonian given by
equation (1.19). Now we can add to the “cauldron” the relation for the refraction index in
plasma (3.20) and combine it with covariantized version of ω from equation (1.7) which can be
trivially redone from T to ω by standard definition ω = 2π/T . Putting all bits together we get
the superhamiltonian:
1 ~2 e2
1
N (x)
H = H0 + Hp = p2 +
2
2 ε0 me

(4.1)

We see that the superhamiltonian is a sum of the hamiltonian without plasma H0 = (1/2)p2
2 2
and an additional term coming from the presence of plasma Hp = (1/2)kN , where k = ε~0 me e .
In further sections we are going to discuss possible solutions that we can find for geometrical
optics generated by this Hamiltonian.

4.1

Homogeneous plasma distribution

Let us consider homogeneous plasma distribution, i.e. N (x) = N0 = const. After plugging this
into Hamiltonian (4.1) and using the eikonal equation H = 0 we get:
p2 + m̃2 = 0

(4.2)

p
√
where m̃ = kN0 = ~2 e2 N0 /(ε0 me ). We can regard this equation also as an equation for
massive particle with mass m̃ (c.f. Hamilton – Jacobi equation for a massive particle (2.45)).
Thus, photon in homogeneous plasma behaves as a massive particle. This was noted also in the
article by Tsupko, Bisnovatyi-Kogan [11], who were studying plasma in Schwarzschild metric.
We see that this effect is not specific for Schwarzschild or Kerr metric, but it occurs in general
metric in the presence of homogeneous plasma.
Homogeneous plasma makes photon travel along the massive particle trajectory, i.e. along
time-like worldline, slower than with the speed of light. This can look confusing, because
refraction index was lesser that one, so one could expect space-like worldline. However, the
photon travels with group speed rather than phase speed, and group speed cannot exceed the
speed of light.
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Equation (4.2) also offers an interesting view of propagation of light for non-homogeneous
plasma distribution. Non-homogeneous plasma distribution can be always viewed as homogeneous one in small pieces of spacetime. The trajectory is then “sewed” from small parts where
photon looks like a particle with some nonzero mass, but on every piece the mass is different.
So the trajectory of the photon in non-homogeneous plasma can be viewed as a trajectory of
a particle with “varying rest mass”(we do not want to imply such particle really physically
exists).

4.2

Motion in the equatorial plane in the presence of
plasma

In chapter 2 we have first studied the motion of a test particle in the equatorial plane and then
proceeded to more general case of motion outside the equatorial plane. We will employ this
scheme also in the plasma chapter.
First thing we have to do is to make sure that we can restrict the motion to the equatorial
plane when plasma gets involved. Let us have a closer look at the characteristic system (1.20),
(1.21), which determines the trajectory of the ray and use the Hamiltonian (4.1) to obtain
explicit equations:
ẋµ = g µν pν
ṗµ = −g νλ ,µ pν pλ − kN,µ

(4.3)
(4.4)

There are several note-worthy features of these equations.
• First, thanks to the peculiar form of the formula for the refraction index, the plasma
contribution to the Hamiltonian Hpl is independent of pµ . As a result, the direction of the ray
and the direction of the momentum vector are the same (the first equation). This is also the
case for any plasma distribution. In the general case (c.f. equation (1.20)) the direction of ray
has also a component in the V µ direction (4-velocity of the medium).
• Second, as was already noted in chapter 2, the Kerr metric has two cyclic coordinates t, ϕ.
Thanks to this the equation (4.4) for these two variables is simply:
ṗA = −kN,A
In addition, when we consider a stationary axially symmetric disc (i.e. N = N (r, ϑ)), which is
usually a plausible assumption, we obviously get two conservation laws pt = −E and pϕ = L.
• Third, if we want to restrict the motion into the equatorial plane, we would like to assure
ourselves that solution ϑ = π/2, ϑ̇ = 0 is possible. Using equation (4.3) for ϑ we get:
pϑ
ϑ̇ = 2
ρ
This equation says that ϑ coordinate will not change only if pϑ = 0 over all trajectory. Equation
(4.4) for time evolution of pϑ is sum of metric part and plasma part. We already know that
the metric part is zero for equatorial plane motion from the no-plasma case (the exact cause
why it is zero is the equatorial plane mirror symmetry of the Kerr metric, i.e. gµν (π/2 − α) =
gµν (π/2 + α)). For plasma part to be zero the condition N,ϑ (r, ϑ = π/2) = 0 must be satisfied.
This is fulfilled thanks to the mirror plane symmetry of the disc (if it is not obvious, one can
check this by doing Taylor expansion around π/2, the linear term must be zero due to mirror
plane symmetry). Mirror plane symmetry is not the only way to create the zero derivative,
but it is the most straightforward one. We see now that in accretion discs with the axis
perpendicular to the equatorial plane and possessing the mirror symmetry with respect to this
plane, the ṗϑ = 0 is possible in the equatorial plane, i.e. ϑ̇ = 0 is possible and we can indeed
restrict the motion to the equatorial plane.
44

4.2.1

Equation for the radial motion

In chapter 2 we have obtained equation for radial motion of a text particle using three conservation laws – energy, angular momentum and 4-velocity squared. In the previous section we
have seen that in stationary discs energy and angular momentum are conserved, too. We have
also a restriction H = 0 which we can use instead of the 4-velocity squared conservation. Let
us write down these three conservation laws:
pt = −E
pϕ = L
1 2
H = 2 (p + kN ) = 0
To obtain the equation for ṙ as we had in chapter 2, we can use equation (4.3) for r, which
yields ṙ = g rr pr = (M /r2 )pr . Plugging this into the Hamiltonian we obtain:
ṙ2 =

1 3
[(r + a2 r + 2M a2 )E 2 − 4M aEL − (r − 2M )L2 − r M kN ]
r3

(4.5)

Now we can compare this to the radial equation in the case without plasma (2.14). It is very
similar there, but instead of kN we have 1, instead of E we have ε and instead of L there is
λ. If we look more carefully we notice that 4-velocity is also not normalized in a standard way.
Considering H = 0 and ẋ = p we see that the 4-velocity is normalized as ẋ2 = −kN .
This is very easy
√ to deal with if we have homogeneous plasma, i.e. N = const.. Then by
redefining m̃ = kN , τ = m̃s (s being old parameter and τ new), ε = E/m̃ and λ = L/m̃
we can put into correspondence equations (2.14) and (4.5) and as a result, look at photon as a
massive particle with mass m̃. This only confirms which was said more generally in the previous
section. Circular orbits are those of massive particles, which means that there is not only one
photon orbit, but more of them, stable orbits with lower limit at the marginally stable circular
orbit and unstable orbits with the lower limit at the vacuum photon orbit.
In case of the inhomogeneous plasma we could play with the concept of “particle with
changing rest mass” but it is not really a physical concept so we will drop it. Using equation
(4.5), one can do similar analysis as in chapter 2 for circular orbits by imposing conditions
F (r, E, L) = 0, F,r (r, E, L) = 0, F,rr (r, E, L) = 0, where F is a function defined as:
F (r, E, L) = (r3 + a2 r + 2M a2 )E 2 − 4M aEL − (r − 2M )L2 − r M kN
However, for any a bit more complicated plasma distribution N (r), the analysis will be too
difficult to be done by hand, numerical approach may be needed. If one wishes only to find
circular orbits for given L, it may be simpler to just plot graph of the U± potentials defined by
the function F (r, U± , L) = 0 and look for their extremes by computer. Explicit form at these
potentials is:
p
2M aL ± (2M aL)2 + (r3 + a2 r + 2M a2 )[(r − 2M )L2 + r M kN ]
U± =
r3 + a2 r + 2M a2
One may be also interested in the equation of spatial trajectory when dealing with e.g. deflections. We can find it in exactly the same way as we did in the section devoted to deflection of
light in the Kerr metric – we compute ϕ̇ = pϕ = g ϕA pA and then divide ṙ2 /ϕ̇2 to obtain dr/dϕ.
We can define also the impact parameter b = L/E and get:
#

2 
3 "
1 dr
M
1
1 − (r − 2M )kN E −2
=
− Mr2
(4.6)
2M a 2
r2 dϕ
r2 − 2M r
(b + r−2M
)
2
(r−2M )
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We see that it is nearly the same formula as (2.33), only with one additional contribution from
plasma. However, E and L do not appear only in impact parameter as in the case without
plasma, but E enters the equation (4.6) also separately. In high frequency limit E −→ ∞ the
plasma contribution can be neglected and we get the original equation for deflection in the
case without plasma (which is logical because in the high frequency limit the refraction index
approaches unity).

4.3

Separation of variables in plasma

When we look at equations (1.20) we see that they have the form of Hamilton equations with
the hamiltonian H. This means that equation (1.19) can be viewed as Hamilton – Jacobi
equation for the abbreviated action we have met in chapter 2 (c.f. equation (2.45) with m = 0).
In chapter 2, separation of variables in the Hamilton – Jacobi equation helped us to uncover
Carter constant K. We will now look which conditions need to be fulfilled so that the Hamilton
– Jacobi equation could be fully separated also after adding the plasma Hamiltonian Hp to the
theory.
In all our calculations we will consider only stationary and axially symmetrical density of
the plasma, i.e. N will be function of r and ϑ only. The Kerr metric depends also just on
these two variables, which means that the whole H is independent of t and ϕ. This in turn
means that the phase function f for these two variables separates linearly. We will also assume
that the other two variables separate into some functions fr and fϑ ,too and see under which
conditions this can take place. Thus, our Ansatz will have the same structure as in chapter 2
(c.f. equation (2.46)):
f = −Et + Lϕ + fr (r) + fϑ (ϑ)
We have already been through this procedure for H0 in chapter 2 and we know the separation
is easily seen if the metric is written in the form (2.47). It separates up to the factor 1/ρ2 as:


1
1 2
1 1
2
2
0 2
0 2
2
2
M (fr ) − [(r + a )E − aL] + (fϑ ) +
[aE sin ϑ − L]
H0 =
2 ρ2
M
sin2 ϑ
Now we see that in order that the separation of variables works, i.e. that the Hamilton – Jacobi
equation can be written as r-part+ϑ-part = 0 (up to the factor 1/ρ2 ), we need that the electron
number density N can be written as: N (r, ϑ) = (1/ρ2 )(Nr (r) + Nϑ (ϑ)). If we plug this into Hp ,
the Hamilton – Jacobi equation gets separated:


1 1
1 2
µ
0 2
2
2
H(x , f,µ ) =
M (fr ) − [(r + a )E − aL] + kNr +
2 ρ2
M


1
1 1
0 2
2
2
[aE sin ϑ − L] + kNϑ = 0
(4.7)
+ 2 (fϑ ) +
2ρ
sin2 ϑ
Again by the standard argument used in separation of variables, one can define the Carter
constant K:
1
2
2
K = (fϑ0 )2 +
2 [aE sin ϑ − L] + kNϑ =
sin ϑ
1
= − M (fr0 )2 + [(r2 + a2 )E − aL]2 − kNr
(4.8)
M
In the case with the plasma, Carter constant does not have to be always positive, because the
function Nϑ does not have to be positive, only N has to be positive and the restriction on Nϑ
is therefore:
Nϑmin + Nrmin ≥ 0

⇒
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Nϑmin ≥ −Nrmin

Similarly to what has been done in chapter 2 we can write down the solution for the phase
function. This function does not have the τ -term which we added in chapter two, because the
constant related to this term is the value of the superhamiltonian which is now zero. However,
if we want to obtain solution via canonical transformation, we need four constants of motion.
We can formally add to f a term propotional to τ with some arbitrary constant C which should
be after differentiation set to zero (we have chosen such a weird letter on purpose, so that it
will not look confusingly like mass):
Z
dr p 2
[(r + a2 )E − aL]2 − M (K − kNr ) +
f = Cτ − Et + Lϕ +
M
r
Z
1
+ dϑ K − kNϑ −
[aE sin2 ϑ − L]2
(4.9)
sin2 ϑ
As we have seen in the chapter 2, equations for trajectory of the ray can be obtained in
∂f
µ
can be E, L, K or C. The r ←→ ϑ
quadratures by imposing the condition ∂α
µ = 0, where α
shape of trajectory is determined by differentiating with respect to K:
Z
Z
dr
dϑ
p
q
(4.10)
=
2
2
2
[(r + a )E − aL] − M (K − kNr )
K − kNϑ − sin12 ϑ [aE sin2 ϑ − L]2
and the ϕ dependance of the spatial trajectory is given by differentiation with respect to L:
Z
ϕ=−

dr
a2 L − aE(r2 + a2 )
p
−
M [(r2 + a2 )E − aL]2 − M (K − kNr )

Z

dϑ(aE − sinL2 ϑ )
q
(4.11)
K − kNϑ − sin12 ϑ [aE sin2 ϑ − L]2

By differentiating with respect to the other two constants of motion we could get t and τ as
functions of r and ϑ (in fact, only one of them because they are related to each other by (4.10)),
but they are not so interesting. Equations (4.10) and (4.11) reduce to those from chapter 2 for
a particle with m = 0, c.f. (2.52) and (2.53).

4.4

Separation of variables near the equatorial plane

Separation of variables can be applied also on the approximate metric near the equatorial plane
(“pancake”) that we have met with in chapter 3 (see equation (3.1)). One can easily obtain
contravariant form of this metric: first notice that even the non-trivial block of the metric
tensor is diagonal if we choose an orthogonal coreper field (e0 = dt, e3 = dϕ − ωdt) to describe
the tensor in. In this field the metric tensor is diagonalized and inverted trivially. To obtain the
corresponding reper field we use the transformation rule: should the coreper field be mixed with
B
0
−1 B
some matrix A as e0A = AA
B e , then the corresponding reper field is mixed as eA = (A )A eB .
Even more convenient is to do directly the transformation of contravariant metric tensor (2.47)
from spheroidal to pancake coordinates using: r0 = r, z = r cos ϑ, ρ2 = r2 , ∂r0 = ∂r , ∂ϑ = r∂z .
Then we express the requested contravariant form of the metric tensor as:
]]g = −

1
M
1
[(r2 + a2 )∂t + a∂ϕ ]2 + 2 (∂ϕ + a∂t )2 + 2 (∂r )2 + (∂z )2
M
r
r

r2

(4.12)

Again we will assume total separation of variables and linear separation in t and ϕ (the plasma
distribution has to be only function of r and z). Ansatz for the phase function is again:
f = −Et + Lϕ + fr (r) + fz (z)
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We can plug this Ansatz into Hamiltonian (4.1) using the form of contravariant metric we
have found. We see that the equation is separable if the plasma distribution can be writen as:
N (r, z) = Nr (r) + Nz (z). The result of separation is:



1
1 M 0 2
1
1
2
2
2
2
(fr ) − 2 [(r + a )E − aL] + 2 (aE − L) + kNr + (fz0 )2 + kNz = 0 (4.13)
2
2 r
r M
r
2
Using the separation of variables argument we define Carter constant K:
K = (fz0 )2 + kNz = −

M 0 2
1
1
(fr ) + 2 [(r2 + a2 )E − aL]2 − 2 (aE − L)2 − kNr
2
r
r M
r

(4.14)

This can be solved for fr and fz as before to obtain the full phase function (we will add the τ
term for the same reason as before):
Z
dr p 2
[(r + a2 )E − aL]2 − M (aE − L)2 − M r2 (kNr + K) +
f = Cτ − Et + Lϕ +
M
Z
p
+ dz K − kNz (4.15)
To obtain equations for the spatial trajectory, we differentiate at first with respect to K to
obtain r ←→ z relation (4.16) and then with respect to L to obtain expression for ϕ (4.17):
Z
Z
dz
r2 dr
p
√
=
(4.16)
2
2
2
2
2
K − kNz
[(r + a )E − aL] − M (aE − L) − M r (kNr + K)
Z
2M raE + L(r2 − 2M r)
dr
p
(4.17)
ϕ=
M [(r2 + a2 )E − aL]2 − M (aE − L)2 − M r2 (kNr + K)

4.5

Night sky in the accretion disc

It is interesting to consider what would the night sky look like if viewed from a spaceship
or planet orbiting inside the accretion disc. On our planet, where there is no black hole in
immediate vicinity, the distribution of stars on the night sky is roughly homogeneous, i.e.
dNs /dΩ ' const where Ns is number of stars and Ω is spatial angle. As a result, roughly the
same number of stars from every spatial angle send their rays from infinity (far away from the
black hole) to the planet in accretion disc, but due to the black holes gravity and plasma, the
homogeneous image of the sky is distorted. As a model of the disc we will use the Novikov
– Thorne model discussed in chapter 3. This disc is thin and its plasma distribution N is
function of radius only, so for the disc itself we can use the “pancake” metric and separate
variables. Outside of the disc, we will need to use the solution with normal Kerr metric,
because we will need to know the form of rays also far from the equatorial plane. However,
plasma density is here equal to zero, so separation of variables is possible too. The boundary
of the NT disc is sharp at z = ±h(r), but in order that it would not be too easy there is a
jump in the density proportional to ϑ-function (ϑ(x) is the function of “finite jump”, equal to
1 if x > 0 and 0 if x < 0). This can be treated with the relativistic version of the Snell’s law.
Because of complicated form of the equations, we cannot solve the light trajectory analytically
and numerical approach is needed. To determine the trajectory of light between the star and
the observer on the planet orbiting the black hole, it is far more easier to start computing
the trajectory of the light from the observer and the final angular coordinates consider to be
position of the star (if we started at the star, we would have to numerically grasp the problem
of “hitting” the observer).
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4.5.1

Five stages of the light path

The light ray which manages to escape into the infinity travels along its path through five
different regions which need to be considered to solve the trajectory.
The first stage is on the planet or rocket from which the ray starts. We will consider the
case that the rocket is orbiting around the black hole in the equatorial plane along the circular
geodetic, i.e. with angular velocity Ω. This means that the direction of the light beam is
measured by the observer in the “orbiting frame” discussed in the chapter 3 (see equations
(3.4) and (3.5)). In the 3-space of the orbiting frame, we can define two spherical angles ϑ̄
measured from er̂ and ϕ̄ measured from eϕ̂ (as standard spherical coordinates with er̂ direction
chosen as z axis). Then the momentum 4-vector in the orbiting frame (in the order of basis
vectors (et̂ , er̂ , eẑ , eϕ̂ )) has coordinates pµ̂ = ~ω(1, n cos ϑ̄, n sin ϕ̄ sin ϑ̄, n cos ϕ̄ sin ϑ̄), where ω is
frequency measured by observer in the rocket. This basis is orthonormal, so the covector is
simply pµ̂ = ~ω(−1, n cos ϑ̄, n sin ϕ̄ sin ϑ̄, n cos ϕ̄ sin ϑ̄).
The second stage is the travel of the light beam through disc. This is given by equations
(4.16), (4.17). They can be trivially converted into the differential equations:
√ 2
Kr
dz
=p
dr
[(r2 + a2 )E − aL]2 − M (aE − L)2 − M r2 (kNr + K)
1
2M raE + L(r2 − 2M r)
dϕ
= p
(4.18)
dr
M [(r2 + a2 )E − aL]2 − M (aE − L)2 − M r2 (kNr + K)
with the initial conditions z(r0 ) = z0 and ϕ(r0 ) = ϕ0 , where the zero point is at the position
of the rocket. Conserving constants can be determined from coordinate components of the
initial momentum: E = −pt0 , L = pϕ0 and K = p2z0 . For this, vector p needs to be converted
into the coordinate basis – we can get these transformation relations quite simply by using
transformations (3.5), because direct covector component transformation and inverse covector
basis transformation use the same matrix, only components are multiplied from the right and
basis covectors from the left, eµ̂ = Aµ̂ν eν and pµ = pν̂ Aν̂µ . Here is the explicit form of the
transformation using the NT dimensionless functions:
q
pt = √GC pt̂ − DM
p
Cr ϕ̂
q
q
pϕ = −F MC r pt̂ + Br DC pϕ̂
pr = D−1/2 pr̂
pz = pẑ

(4.19)

Then we can use our favourite numeric method to integrate the differential equation (for example fourth order Runge – Kutta method). We stop integrating when the ray reaches the
edge of the disc, i.e. z = h(r). We can also obtain the momentum at the end point: three
components of the momentum are conserving constants and the fourth – pr can be calculated
from the normalization given by the equation H = 0 with the Hamiltonian given in (4.1).
The third stage is breaching the boundary of the disc. Because we use the model with sharply
defined edge of the disc with finite jump in the plasma density, the light beam will experience
the Snell’s law of refraction. This law as we know it from the high school is valid only in the
reference frame where the plasma is at rest, i.e. in the orbiting frame. The transformation law
for covector components from the coordinate frame to the orbiting frame is the same as for the
basis vectors – only use the components instead of the basis vectors (c.f. equation (3.4)). Here
we use them together with the NT dimensionless functions which are exceptionally useful when
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doing numerics:
√B pt
C

q

M
pt̂ =
+ Cr
3 pϕ
q
q
B
D
M
pϕ̂ = Ar
p + F rCD
(pt +
C ϕ

2M a
p )
r3 A ϕ

pr̂ = D1/2 pr
pẑ = pz

(4.20)

Let us now recall the Snell’s law. Let ~r1 be the direction vector of the incident ray, ~r2 the
direction vector of the refracted ray and ~n be the normal vector of the boundary oriented into
the incident halfspace. Then the Snell’s law can be written as:
(n1~r1 − n2~r2 ) × ~n = 0
If we vector-multiply this with ~n from the left, use the “high school” Snell’s law and do some
algebra, we can get the expression for n2~r2 :
q


(4.21)
n2~r2 = n1~r1 − n1 (~n · ~r1 ) + (n22 − n21 ) + n21 (~n · ~r1 )2 ~n
The boundary normal vector is perpendicular to the boundary surface in the instantaneous
physical space of the plasma, which is projection of the three dimensional hypersurface in
spacetime defined by the disc boundary. The directional vectors of this hyperplane are ∂t ,
∂ϕ and ∂r + h0 (r)∂z . The first two can be mixed together to form et̂ perpendicular to the
instantaneous physical space and eϕ̂ lying in it. The third vector is too in the instantaneous
physical space and can be rewritten in the orthonormal basis as D−1/2 er̂ + h0 eẑ . We remind
that D =M /(r2 ) = 1 − 2M/r + (a/r)2 . The normal vector is propotional to its orthogonal
combination h0 er̂ − (D)−1/2 eẑ . Normalising it we get:
√
1
~n = √
( Dh0~er̂ − ~eẑ )
1 + Dh02
The directional vector of the incident ray can be obtained from the momentum covector as
n1 r1î = −pî /p0̂ . The new momentum 4-vector is then found as pµ̂2 = p0̂ (1, −n2~r2 ), where we
have used that the frequency of the light ω is conserved upon refraction and p0̂ = −~ω. In our
case n2 = 1 because the second medium is vacuum and n1 is refraction index of the plasma.
Plugging it into our latest relation we get it in the form:
q
p~2 = p~1 − [~n · p~1 + ~2 ωp2 + (~n · p~1 )2 ]~n
(4.22)
Because nϕ̂ = 0, the ϕ̂ component of the momentum is conserved. When we combine this with
conserving of t̂ component, we get that the E and L are conserved too in the refraction. This
is no surprise, because the sharp boundary is limit case of continuous density distribution, in
which these variables are conserved. Now we can transform the remaining two components of
the covector back into the coordinate base (we already know the matrix).
The fourth stage of the ray travel is through the region outside the disc. Here, the plasma
density is equal to zero, but we need to use full Kerr metric, not just pancake metric. We can
use the approximate conversion relations: for coordinates t = t0 , r ' r0 , ϑ ' (π/2) − (z 0 /r0 ),
ϕ = ϕ0 and for covector components pt = pt0 , pr ' pr0 , pϑ ' r0 pz0 and pϕ = pϕ0 (the prime
emphasises that we are dealing with the cylindrical coordinates). To calculate the path of
the ray, we can use equations (2.52), (2.53) with m = 0, converted into set of two ordinary
differential equations with r serving as parameter:
√
K−sin−2 ϑ[aE sin2 ϑ−L]2
dϑ
=s √ 2 2
dr
2
[(r +a )E−aL] −MK

dϕ
dr

=− √
M

[aL−(r2 +a2 )E]a
[(r2 +a2 )E−aL]2 −MK
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+√

(L sin−2 ϑ−aE)
[(r2 +a2 )E−aL]2 −MK

(4.23)

In the second equation we have used dϑ/dr from the first equation. We have also used vertical
oscillation parameter s which can be ±1 and will be discussed in the next section. The conserving quantities are identified as E = −pt , L = pϕ and K is defined in the equation (2.48)
with Sϑ0 = pϑ if we use the ϑ-definition. We can integrate these equations e.g. with Runge –
Kutta method for the system of equations. We need to choose some termination point for the
integration r∞ , which is far away enough from the black hole, so that ϑ ' const and ϕ ' const.
The fifth and final stage is when the ray reaches r∞ . This represents the distant star from
which the ray was emitted in the first place (we could have tracked the ray in the opposite
direction because of the time inversion symmetry of the equations). We compute the final
angular coordinates of the ray ϑ, ϕ, which would be angular coordinates of the star if there was
no black hole. The physical meaning of the constant E is energy of the photon as measured
in static frame in infinity, i.e. the energy of the photon as an observer at the star measures
it. That is why in the beginning of the computation, ω of the photon must be chosen so that
the conserving constant E would have some fixed value corresponding to the characteristic
frequency we choose for the starlight. This means solving the equation −pt (ω, ϑ̄, ϕ̄) = E =
f ixed (see equation(4.19)) and we get that ω must be chosen as:
q
A ± B 2 [1 − (A2 − B 2 )ω̃p2 ]
(4.24)
ω = ω∞
A2 − B 2
p
√
where ω∞ = E/~, ω̃p = ωp /ω∞ , A = G/ C and B = (DM )/(Cr) cos ϕ̄ sin ϑ̄. More detailed
analysis shows that the minus sign should be taken.

4.5.2

Discussion of the equations of trajectory

Let us have a closer look at the equations of trajectory (4.18) and (4.23) used in the previous
section. We would be pleased to just run through some numerical method without any further
considerations. However, life is rarely that convenient and some other specifics of these equations must be considered. Two types of square roots appear in these equations that have both
a specific physical meaning.
First notice the numerator’s square root in equation (4.23). For some constellations of
constants of motion, the expression under the square root can pass below zero when ϑ < ϑcrit
or ϑ > π − ϑcrit . The physical meaning of this is that these critical points define maximum
and minimum value of ϑ for vertical oscillations. By a more detailed analysis of the expression
(4.23) following conditions can be derived:
√
√
p
− K∗ + K∗ + 4a∗ L∗
sin ϑcrit =
(L∗ > 0) ∧ (L∗ ≤ a∗ + K∗ )
2a
√
√∗
p
K∗ − K∗ + 4a∗ L∗
(L∗ < 0) ∧ (L∗ ≥ a∗ − K∗ )
sin ϑcrit =
(4.25)
2a∗
where the asterisk variables are dimensionless variables suitable for numerics (see the section
Discussion of units for more detail). The vertical oscillations must also be taken into account in
the equations (4.23). If the ϑ angle is increasing the derivation has positive sign and if the angle
is decreasing the sign is negative. This can be comfortably arranged by the vertical oscillation
parameter s we have added into the equation. When the ray reaches either one of the critical
angles the sign of s changes.
Now we can focus at the denominator’s square root. This one is in slightly different incarnations (but for the same reason) present in both equations – (4.18) and also (4.23). If between
the initial position and the infinity the expression under the square root becomes negative,
it means that this poor ray will never make it into infinity. At the turning point when the
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expression reaches zero, the ray is reflected and the r coordinate starts to decrease. These kind
of rays logically cannot be coming from distant stars so we can exclude them – no night sky
is seen in that direction. Analytical calculation of the existence of the turning point is quite
complicated, it is far more simple just to check numerically if the expression under the square
root is changing the sign between the starting point and infinity (in numerics, infinity must be
also finite and chosen to be equal to some value rinf far enough from the black hole).

4.5.3

Discussion of units

When doing numerical calculations, transition to dimensionless units is recommended. With
our geometric units G = c = 1, all physical variables are expressed in the powers of one unit only.
If we for example choose the unit of mass as the basic unit, lengths (e.g. Schwartzschild radius)
and time intervals are measured in that unit, too. In our problem we have two characteristic
“mass units” – mass of the black hole M and characteristic energy of the photon from the
star E which are very different in size. It is convenient to define dimensionless variables:
r∗ = r/M and dimensionless Kerr parameter a∗ = a/M , z∗ = z/M and dimensionless conserving
constants L∗ = L/(M E) (once called the dimensionless impact parameter) and K∗z = K z /E 2 ,
K∗ϑ = K/(M 2 E 2 ) (dimensionless Carter’s constant for metric with z and ϑ respectively). Also
notation ω̃p = ωp /ω∞ as will prove useful. In terms of these dimensionless variables, E gets
cancelled out of equations (4.18) and (4.23).
Another problem worth to discuss is the appropriateness of using the NT disc model. For
simplicity, we will use only the outer region of the disc and neglect the inner and middle region.
In the formulas for the density and half-thickness, we can identify three parts, the characteristic
value (the dimensional constant in the front), the part with the parameters of the black hole
(the part with α, M∗ and Ṁ0∗ ) and the spatially variable part (the part with r∗ and all the NT
dimensionless variables depending on r∗ ). For the density ρ = 80g cm−3 we can calculate the
corresponding plasma frequency if we assume quasineutral plasma composed of protons and
electrons – ωp,ref ' 3.9 × 1017 Hz. This typical value will then be slightly modified by the other
parts of the density function.
When calculating dimensionless half-thickness for the outer region h∗ = h/M , the characteristic dimensionless half-thickness h∗,ref = href /(3M ) arises (3M makes roughly 4.5 km in
our units). For href = 9 m this quantity has the value is h∗,ref ' 2 × 10−3 . The explicit formula
for the NT disc outer region dimensionless half-thickness is then modified to (notice that also
exponent with M∗ has changed):
3/20

houter
= (2.031 × 10−3 )α−1/10 M∗−1/4 Ṁ0∗ r∗9/8 A19/20 B −11/10 C 1/2 D−23/40 E −19/40 Q3/20
∗
There is also an important question of the NT disc being optically thick as is discussed in their
work. There is a relation for optical thickness in the NT disc model (we have not explicitly
written it in this thesis yet):
1/5

τf f = (2 × 102 )α−4/5 Ṁ0∗ A−2/5 B 1/5 C 1/2 D−3/5 E 1/5 Q1/5
One can see that the dependence on the accretion rate is very weak, only 1/5. The problem is
that the NT model was from the beginning formulated for optically thick discs, so at best we
can pretend that in the region where the disc is neither thick nor thin the model is still valid
and geometrical optics can be used too. For more realistic case, construction of a model better
satisfying the condition of small optical depth would be needed. The vertical structure of the
model would have to be reworked for example using the theory of stellar atmospheres.
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4.5.4

Distribution of stars

We will calculate the distribution function ns for the number of stars located in the given spatial
angle. We will do this calculation only for the part of the sky on the opposite side, from the
observer’s point of view, than the black hole, since numerical treatment of the near-horizon
rays would be too complicated. It is hard to determine the precise values for ϑ̄ and ϕ̄ for which
the strong lensing would start to occur, so we will cut off the parameter space arbitrarily at
ϑ̄ = π/2 and for any ϕ̄, reducing the parametric space to ϑ̄ ∈ [0, π/2]. Furthermore, thanks
to the equatorial plane mirror symmetry of the problem, doing the calculation for rays coming
from the space above the disc will suffice. This reduces the parameter space further to ϕ̄ ∈ [0, π].
The calculation of the distribution of stars is quite simple. Let us suppose that the distribution of stars in case there is no black hole is homogeneous, i.e. ns,0 = Ns /(4π), where Ns
is the number of stars on the night sky. Number of stars is the same on the black hole sky
if we integrate only up to the first Einstein’s circle (in the strong gravitational lensing region
another “copies” of the stars are depicted near the horizon). This is fine by us because we have
excluded strong lensing by restricting the parameter space. Now if we send a bundle of rays
from our racket orbiting the black hole (with the right distribution of ω), filling the spatial
angle Ω, it fills the spatial angle Ω∞ after it comes to infinity. By definition, the distribution of
stars is the number of stars shining from this angle (it can be expressed through ns,0 ) divided
by Ω:
ns =

Ns Ω∞
4π Ω

(4.26)

Numerically, we can represent the bundle of rays with four rays with coordinates (ϕ̄, ϑ̄), (ϕ̄ +
dϕ̄, ϑ̄), (ϕ̄, ϑ̄ + dϑ̄) and (ϕ̄ + dϕ̄, ϑ̄ + dϑ̄). If the grid composed of such bundles is small enough,
the spatial angle is Ω = sin ϑ̄dϑ̄dϕ̄. The four rays land in infinity at four angular coordinates.
We can approximate the spatial angle Ω∞ generated by the bundle by the area of the tetragon
formed by these four points on a unit sphere. The area of a tetragon can be calculated as half
of the area of four triangles that can be formed from these points. The area of the spherical
triangle is given by L’Huilier’s theorem:






  s
s
s−a
s−b
s−c
E
tan
= tan
tan
tan
tan
4
2
2
2
2
where the quantity E is called spherical excess and is equal to the area of the triangle, s is
semiperimeter of the triangle and a, b, c are lengths of sides. If s is small, the formula is reduced
to Heron’s formula familiar from planar geometry:
p
E = s(s − a)(s − b)(s − c)
We must be careful not to take too large steps, while plotting the ns function in order these
approximations to be valid. However, we do not recommend using the approximate formulas
and rather use the exact L’Huillier’s formula. For distances between two points on the sphere,
the approximate formula would be using the metric tensor (this can be done only for the
points not too far from each other). However, it is generally known that distance on the
sphere is measured along the great circle (on the unit sphere it is the circle with radius 1
which contains these two points). The distance between two points A and B is then simply
dAB = arccos(~nA · ~nB ) where ~nA,B are position vectors corresponding to these points. The
coordinate form of this formula is:
dAB = arccos(sin ϑA sin ϑB cos(ϕA − ϕB ) + cos ϑA cos ϑB )
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4.5.5

Results of numerical calculation

In our numerical experiment we have chosen the angular frequency in infinity to be ω∞ =
0.01ωpl,ref , which is roughly 4 PHz (visible part of spectrum), and we have used extremal Kerr
metric, i.e. a∗ = 1. If we have chosen a model with M∗ = Ṁ0∗ = 1, the plasma frequency
would be too high for the light to originate in the disc. That is why we have used the model
with M∗ = 100 and Ṁ0∗ = 0.01. As discussed before, the disc is optically thick (optical length
is somewhere around 200). If we wanted to stretch the parameters to optical depth ∼ 1, we
would have to choose Ṁ0∗ ' 3 × 10−12 which is indeed a very poor accretion rate, equal only
around 300 kg/s. This kind of accretion rate would suppress the density by the factor ∼ 10−6
and half-thickness by the factor 10−2 . In order not to have such poor disc we have rather chosen
the previously mentioned parameters and decided to ignore optical thickness (which moves the
calculation from the realistic zone towards the academic one).
We have solved the problem for the parameter range (ϑ̄), ϕ̄ ∈ (0, π/2) × (0, π) and then,
thanks to the disc symmetry, extended the results also to ϕ̄ ∈ (π, 2π). We have cut out the
equatorial plane rays from the results, because they go all the way long through the disc and are
not refracted away after a short path through the disc. We have calculated the rays for three
orbits of the rocket with radii R∗ = 10, R∗ = 3, R∗ = 1.5 (the last one is in the ergosphere). As
our numerical infinity we have chosen rinf,∗ = 100. The integration method used was Runge
– Kutta of the fourth order (non-adaptive). The star density distribution as measured by the
observer is plotted in the figures 4.1, 4.2 and 4.3. The star density function in these figures
is scaled as if Ns /(4π) = 1, i.e. sky without black hole and plasma would have the value 1 of
the distribution function everywhere. The equatorial plane data which have been cut out are
depicted with blue colour – two cones at ϕ̄ = 0 and ϕ̄ = π and a circle in the middle with the
diameter of the step in ϑ̄, because the point (ϑ̄ = 0, ϕ̄ = 0) is part of the equatorial plane too.
The step of the calculations was 0.1 for ϕ̄ and 0.05 for ϑ̄. An integer product of this is
not π, that is why the blue cones are not symmetric. The white dots on the graphs do not
have any special meaning, they are only random white pixels caused by difficulty of plotting
spherical coordinates on a Cartesian pixel grid. The graphs themselves are projections of
northern hemisphere of the spherical coordinates, i.e. the lines represent the ϕ̄ coordinate and
circles are of the radius sin ϑ̄. To get the best colour distinction in the picture, we have rescaled
the values of the ns into the “square root scale”. It is the same idea as logarithmic scale, but
square root is used instead, since it looks better. If you take a ruler and measure the distance d
from the bottom of the reference stripe next to the graph, the value of ns corresponding to the
color at d is ns = ns,min + (d/L)2 (ns,max − ns,min ), L being the length of the reference stripe.
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Figure 4.1: Night sky as observed when orbiting in the rocket at radius R∗ = 10.
There are a few interesting things one can notice in the graphs:
• We can see, that the range of values of ns is decreasing when we go far from the black
hole. This is to be expected, because far from the black hole we would expect to see “normal
sky” with ns ' 1 everywhere expect from the small region of the sky around the black hole
where some lensing effects would still occur.
• We can notice that the side “behind our rocket” (left hand side of the graphs – the rocket
front is oriented in the eϕ̂ direction which has coordinates (ϑ̄ = π/2, ϕ̄ = 0)) is more brightly
lit by the stars than the front side. This could be effect of the rotation of the black hole but
also of the movement of the rocket itself.
• The near-equatorial part is very dark too, which is probably caused by refraction on the
disc boundary (refraction “to the normal” occurs because vacuum refraction index is greater
than in plasma).
• There is a mysterious bright cone we can see in the middle in the backwards direction. It
is also interesting that on the tightest orbit the cone occurs also in the forwards direction. In
the case of the tightest orbit (figure 4.3) there occur also bright patches in the ±eẑ direction
the origin of which is unknown to us as well. In the picture with R = 1.5 we can also see slight
“colour chaos” on the right hand side of the picture. This is probably caused by the inaccuracy
of the numerics which is increasing when we are going near the event horizon (which would be
at r∗ = 1).
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Figure 4.2: Night sky as observed when orbiting in the rocket at radius R∗ = 3.
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Figure 4.3: Night sky as observed when orbiting in the rocket at radius R∗ = 1.5.
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Conclusion
We have come to the end of this thesis. In the end it is always a good idea to look back and
recapitulate what we have gone through and what we have accomplished. Now we will go
through a swift recapitulation of the main milestones we have come across in this thesis.
In the first chapter, we have summed the generally relativistic formulation of Synge’s geometrical optics. The relativistic equation of eikonal was characterized by the superhamiltonian
with contributions from the metric and from the dispersion relation for light propagating in
the medium. We have seen that using the method of characteristic, the equation of ray can be
formulated. From the analogue to Hamilton equations for massive particles it is obvious that
the definition of the ray provided is analogous to the definition of the trajectory of a massive
particle. We have divided the task and studied each component entering to this formulation
by itself at first.
In the second chapter we have systematically built the basic insight into the properties of
the Kerr metric. We have seen how to obtain the equations for geodetics from the Lagrangian
in the equatorial plane. The key simplification was also shown to be using the symmetries of
metric tensor. After that we have looked at the general case when we are not restricted to
the equatorial plane only. We have demonstrated how to obtain the third conserving constant,
the Carter’s constant, using the Hamilton – Jacobi method. This standard method was later
shown to be also usable (with some assumptions) in the theory with a plasma accretion disc.
In the third chapter we have touched the accretion disc theory, namely we have considered
the Novikov – Thorne model of the accretion disc which is a relativistic model for the rotating
black holes. This model was cited in a lot of works on the theme of accretion discs we have come
across so we have gained an impression that it is considered to be a “classical source” in the
problematic of relativistic accretion discs. The main disadvantage of this model considering our
problematic is its optical thickness. For an extremal black hole, the disc is necessarily optically
thick in the inner part with strong gravity, however, for not-quite-extremal black hole the disc
can be optically thin at the edge. Then, to describe the structure of the disc, the model would
need to be modified for the case of optical thinness– instead of assuming the radiative transport
of energy, some other equations similar to the problem of star atmospheres would need to be
used. We have also studied the refraction index of the plasma and made sure that the standard
derivation in the non-relativistic physics can with some assumptions be translated also into
general relativity. As it was shown this is possible if we assume that the chaotic motion of
plasma is not relativistic in the local rest frame of the plasma element.
In the fourth chapter we have combined the knowledge from the forgoing chapters into the
theory of black hole surrounded by plasma. We have shown that in the homogeneous plasma the
photon can be reinterpreted as a massive particle, as was also noted in the article by Tsupko
and Bisnovatyi-Kogan, who have studied the problem of plasma in Schwarzschild geometry.
We have discussed the conditions on the plasma distribution at which it is possible to restrict
the motion to the equatorial plane and obtain equations similar to the ones in chapter 2 for
the equatorial motion without plasma. We have seen that in the high frequency limit, when
refraction index approaches unity, the plasma terms are going to zero. Following the chronology
in the chapter 2 we have subsequently looked into the case of general motion which can be also
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outside of the equatorial plane. We have studied what form the plasma distribution must have
for the separation of the constants to be applicable to solve the equation for the trajectory of
the light beam. This problem was studied in the full Kerr metric, but also in the Kerr metric
restricted only to the near domain around the equatorial plane (we have familiarly referred to
it as “pancake” metric). We have formulated the problem of the star distribution on the night
sky of a planet orbiting in the accretion disc around the black hole on a geodesic circular orbit.
We have discussed in detail what troubles must a light ray go through to get from the star to
the planet. We have also used some simple numerical methods to try and evaluate the star
distribution function.
The problem of the trajectory of ray is hard to solve in the region of strong lensing when
the ray goes closely around the black hole because the numerical integration is not reliable for
this cases. More sophisticated algorithms and computers would be needed to solve this problem
accurately enough. Perfecting this calculation also for the strong lensing could be interesting
direction to continue further. Similar problem was recently contemplated by Hollywood people
when the movie Interstellar was being shot, but they did not have plasma. The scientific
consultant to this movie, great physicist Kip S. Thorne, provided the equations which were
then used by the computer experts to create simulations on supercomputers.
The perspective to continue in this field of research could involve considering the optically
thin model of the disc which would be far more suitable for applications on the geometrical
optics than stretching the parameters in the NT model as we have done. Also dispersion
character of the plasma could be considered. In this context the star should not be seen as a
point, but will be smudged as different frequencies come from slightly different direction.
We think that we have fulfilled the aims of the thesis discussed in the beginning. Hopefully
the reader of the thesis was also enriched at least by some interesting piece of knowledge or just
satisfaction of contemplation on this kind of topic. I hope you have liked reading this thesis
and would be glad it was in any way helpful to you.
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