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RNDr. Miroslava Valı́ková
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doc. RNDr. Pavel Chalmovianský, PhD.
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Visualization of complex function using
Riemann surfaces

1 Introduction
Complex analysis is the branch of mathematical analysis that investigates functions
of complex numbers. A practical application can be found in different fields of mathematics, e.g. in applied mathematics, number theory, algebra, geometry and topology
as well as in physics.
Throughout the nineteenth century, the attention of the mathematical world was
concentrated on complex function theory. Some of the greatest mathematicians of
that period, including Gauss, Cauchy, Abel, Jacobi, Riemann, Weierstrass and others
made substantial contributions to this theory. In the past, the main interest was
concentrated in study of complex functions and their behaviors. Nowadays, the main
success is achieved in dynamic complex systems and visualization of fractals.
The visualization of a complex valued function is difficult, because of the real dimension of the ambient space in which its graph is naturally considered. To visualize a
real function f : R → R, we draw a graph y = f (x) in a two dimensional Cartesian
coordinate system in R2 via identifying one axis with the domain of the function and
the other axis with its codomain. This method meets with some difficulties when
we want to extend it to a complex function g : C → C. The main problem arising
is that C has a real dimension two, thus we need a four-dimensional real space to
depict the graph of a complex function w = g(z). The most common method is to
draw domain and codomain separately. One can also study separately the argument
and the absolute value of the function. These methods do not describe the function
as a whole part. Therefore the recent approach to visualize the complex function was
developed and it is called the domain coloring. This technique uses color scheme to
visualize the complex function.
The technique of domain coloring can not be applied directly to visualize multi-valued
functions. To visualize such type of function, its Riemann surface is often used as an
extended domain of the function. Bernhard Riemann introduced a notion of Riemann
surfaces in 1851 in his dissertation thesis. Riemann surfaces originated in complex
analysis to let us deal with the problem of multi-valued functions. Such functions
occur because the analytical continuation of a given holomorphic function element
along different paths with same end points may lead in complex plane to different
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2. KNOWN RESULTS AND GOALS OF THE DISSERTATION THESIS
values of the function in general. Such values form locally different branches of the
function. The idea of Riemann surfaces is to replace the domain of the multi-valued
function with a many sheeted covering of the complex plane [12]. If the covering is
constructed so, that it has as many points lying over any given point in the plane,
as there are function values at that point and satisfying certain smoothness conditions, then the analytical function might be single-valued on this so called “covering
surface”.
For example, [22] uses such an universal covering to compute the shortest cycles in
each homotopy class of a given surface. The authors of [4] use Riemann surfaces to
dissolve the problem of multiple bubbles. The surface parametrization method [8]
computes a 4-sheeted covering in order to represent the parameter function on higher
genus surfaces. The notion of covering spaces provides a nice theoretical foundation
of this parametrization approach. Riemann surfaces can also be used to visualize the
deformation of ADE singularities [3].

2 Known results and goals of the dissertation thesis
One of the most important methods in visualization of complex functions is domain
coloring. This method was introduced by F. Farris, who has used simple color scheme
to display the argument of a function [5]. The method was improved by H. Lundmark
[10], who has described the method of visualization of a complex function by domain
coloring in more detail. The behavior of complex function along a cut-out of the
domain can be observed better in this way. Recent works about domain coloring
are [13], [15], [14], where a color scheme with radial grid was introduced. Such an
approach enables to see the change of argument and the change of absolute value
in one figure as well. A comprehensive introduction to phase plots of single- and
multi-valued functions is [21], and in the references therein.
One of the important contribution was made by M. Trott for the Wolfram research [16].
He uses the symbolic derivation and nonlinear equation solver provided by Mathematica and computer 3D plots based on an explicit function definition. Trott also
visualizes Riemann surfaces over Riemann sphere. He uses absolute value as a height
function that leads to many intersections in the model of the Riemann surface.
A recent work about automatic generation of the Riemann surfaces uses composition
of a height function and domain coloring [11]. The argument of the function is depicted by the color scheme and the absolute value by the radial grid. The layers of the
function are isolated using height function. The disadvantage of this method is, that
5

3. VISUALIZATION RESULTS
it depicts only part of the Riemann surface of the function. Real time visualizations
of geometric singularities were discussed in [9].
The goal is to study complex functions and their properties with respect to visualization of their graph. Using the structure of singular points, a graph of the function
is generated while the corresponding theory of Riemann surfaces is applied. Various
up-to-date and novel methods are compared in several visualization oriented metrics.

3 Visualization results
We have created CoFiViS, a tool for visualization single- and multi-valued functions.
The CoFiViS tool is available as a compilation of scripts [17] and they are distributed
under GNU General Public License [6]. The algorithm can visualize polynomial
function, fractional functions, e.g. Möbius function, trigonometric functions [18] and
√
multi-valued functions like root functions f (z) = n z, where n ∈ Z+ , square root from
a polynomial [19], ADE singularities [3] and the deformation between two functions
by a sequence of images with use of a one parametric system [20].
After running the script, a graph of complex function appears in the 3D window. If
the chosen amount of vertices is too high, the process can take some time. When the
model is created, the user interface provided by Blender allows us to create renders of
the graphs, animations, cutouts or separate layers of visualized multi-valued functions.
A user can interact with the visualization, what gives to a user a better idea of the
graph of the function.
First, let us take a closer look on the visualization of a single-valued function. The
steps are described closer in the following text.
Algorithm – visualization of a single-valued function:
1. Choose the method of interpolation of the point on the sphere S2 with the
number of meridians and parallels or the number of subdivisions and create the
initial mesh.
2. For each vertex of the initial mesh, compute its position in the complex
plane C.
3. Create the material and assign it to the model.

6

3. VISUALIZATION RESULTS

Figure 1: The color scheme used to visualize the argument of the complex number z. The components r (red), g (green), b (blue) are graphed. The functions are
periodically extended over R.

4. To each vertex of the mesh assign the corresponding color from the chosen
color scheme.
5. For each vertex, calculate the height function and translate each vertex by
this value along the approximation of the normal in the corresponding vertex.
Our algorithm uses the stereographic projection, to compute the position of vertices
in the complex plane C except the vertex N with the z-coordinate equal to 1. This
vertex corresponds to the point in infinity in the extended complex plane Σ, it always
has red color and the height is equal to the limit h(limz→∞ f (z)), if it exists.
The visualizations use a semitransparent material, with value of transparency α = 0.7.
To eliminate the shadows on the model, the emit value is set to the value 1.0. This
setting allows us to remove all lights from the scene. For the other options, like
color of the material, amount of the reflectiveness etc. The color layer overrides
most of material setting and it affects the color of each vertex. The color of each
vertex presents the values of the argument of the function, computed by three color
components r(φ), g(φ) and b(φ)
r(φ) = min(max(0, 255(cos(φ) + 0.5)), 255),
g(φ) = min(max(0, 255(cos(φ − 2π/3) + 0.5)), 255),
b(φ) = min(max(0, 255(cos(φ + 2π/3) + 0.5)), 255),
where φ = arg(f (z)) are the function values, see also Fig. 1. The color on edges and
faces computes Blender by interpolating the color on corresponding vertices.

7
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Figure 2: The figure presents how the height function H(z) = arctan(|z|) transforms
the absolute value of the single-valued function f (z) = ez (top). Then, these values
are used to determine the normal height of the semitransparent layer (bottom).
After our script assigns the material to the model it passes to the next step and
it computes the distance of the vertices of the semitransparent layer from the unit
sphere S2 . The absolute value of the number z is used to compute its height function.
Because the absolute value may have arbitrary large non-negative values including
the infinity, a modifying function is used to transform these values into a prescribed
compact interval. It is achieved by the real function
H(z) = arctan(|z|),

 
1 

which maps the absolute value from the interval [0, ∞] to the bounded interval [0, π2 ].
In case of a single-valued function, the value f (z) is represented in this way. For a
simple example, how the height function H(z) affects the modulus of the function
f (z) = ez , see Fig. 2.
A problem in the previous method arises when a graph of a multi-valued function is
constructed. Multi-valued functions associate every input with at least one output.
Typically, there are maps one to many. In such case, the domain coloring does not
work directly, only a part of the values of the function is displayed as one can see on
8
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√
Figure 3: The graph of the function f (z) = z without using its Riemann surface in
two different views. There is a visible discontinuity in the color scheme and comparing
to Fig. 1, there is only half of the color scheme in the graph. Such problems arise
because the function f (z) is double-valued.
Fig. 3. Using Riemann surface, the domain of the multi-valued function is transformed
so, that the function over it behaves as a single-valued function.
The following algorithm describes the visualization of a multi-valued function.
Algorithm – visualization of a multi-valued function:
1. Choose method of interpolation of the sphere S2 with the number of meridians
and parallels or the number of subdivisions and create the initial mesh.
2. For each vertex, compute its position in the complex plane C.
3. Add vertices lying on the branch cut of the function.
4. Create the material and assign it to the model.
5. To each vertex of the mesh, assign the corresponding color.
6. For each vertex, calculate the height function and translate each vertex by
this value along the approximation of the normal in the corresponding vertex.
7. Repeat previous steps for each branch of the function.
The steps 1., 2. are identical to the steps 1., 2. in case of visualizing a single-valued
function. In the third step, the vertices corresponding to the branch-points are added.
Then, the script selects edges, which are intersecting the branch-cut of the function,
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p
√
Figure 4: Visualization of the value of the argument of the function f (z) = 1 + z
via color scheme. In the two top left figures, we can see the composition of all four
layers. In the two bottom left figures, the cutouts of the graph are depicted, so we
can see how the layers intersect. In the four figures on the right four separated layers
of the graph are depicted.

subdivides them and changes the position of the new vertices, so they lie on the
branch-cut.
The material used in visualization of multi-valued functions is similar to the one used
in visualization of single-valued functions except the value of transparency, where α
varies to the number of layers of the graph. In general, the value of transparency α
is lower when the number of layers is higher.
To visualize a multi-valued complex function, another height function has to be applied. Since the absolute value of the function is a non-injective map, the layers
of Riemann surface could have the same height. Therefore, in case of multi-valued
functions our algorithm uses the height function
q
√
 
− |z|
.
H(z) = arctan(|z|) · 1 − cos(arg(z)) · e
2 
The function H(z) is continuous at z = 0 and z = ∞ with the values H(0) = 0,
H(∞) = π/2. Using h(z) = H(f (z)) for a prescribed function f (z), its zeros and
10
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Figure 5: The graph of the function f (z) = (z − 0.5 + i)2 ((0.5 − i)z − 1) is shown
from several views. Images of the double zero point z1 = 0.5 − i and single zero point
1
are highlighted in the figure (right).
z2 = 0.5−i

poles have similar properties. Such an approach separates layers except the points
overlapping due to projection from E4 → E3 and the non-injectivity of the function
cos(arg(z)) on the interval [0, 2π). The layers intersect, if for two complex numbers
z1 = z2 , the absolute value of the function is equal |f (z1 )| = |f (z2 )| and the argument
of the complex function satisfies arg(f (z1 )) = 2π − arg(f (z2 )).
To visualize
complex function, we have created the Riemann
surface
p a complicated
p
p
√
of h(z) = 1 + z. The algorithm takes α to be the positive value + 1/2 of 1/2
and labels the branches h1 , . . . , h4 of h near z = 1/2, so that they take the distinct
√
√
√
√
values 1 + α, 1 − α, − 1 + α and − 1 − α respectively, to compute the color
and the height. The visualization of each layer separately after eight iterations of
adaptive subdivision can be seen in Fig. 4 (right). For the whole graph composed
from these four layers, see Fig. 4 (left). Recall, that the function is a four-valued
function with two branch points at 0, 1 (the point ∞ belongs to the set of branch
points, if the amount of finite branch points is odd). These points are also highlighted
in the Fig. 4 (bottom left), which depicts the cutouts of the graph of the function. We
can see, that the first and second layer intersect in the branch point corresponding
to the point f (z) = 0. In the second branch, the point f (z) = 1 intersects only the
second layer and the fourth one, the first one and the third one are invariant. In
the point corresponding to the infinity, all four sheets are joined together in a single
branch point. As we can see in the figure, the second and fourth layer has zero height
at the point f (1), which is also a zero point for these two branches of the function.
The graph has maximal height at the point ∞.
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f (z) = (z − 0.5 + i)2 ((0.5 − i)z − 1)
subdivision
vertices
max error
average error
Hausdorff error
iteration
vertices
max error
average error
Hausdorff error
iteration
vertices
max error
average error
Hausdorff error

UV
6
13286
0.071
0.00096
0.071
UV adaptive
6
2977
0.14
0.004
0.051
UV adaptive
10
3985
0.0432
0.003
0.043

Ico
6
10242
0.0465
0.00094
0.0414
Ico adaptive
6
3647
0.056
0.0026
0.056
Ico adaptive
10
4352
0.056
0.0023
0.056

Table 1: Comparison of the errors of the graphs of the function f (z) = (z − 0.5 +
i)2 ((0.5 − i)z − 1). The table compares graphs created by non-adaptive method and
graphs created with adaptive subdivision method after 6 and 10 iterations.

4 Experimental results
In our work, we used the interpolation of the sphere by creating a polyhedron constructed by uniform sampling via spherical coordinates. An uneven distribution of
the vertices on S2 is a disadvantage of this method, if the high changes of the absolute
value do not correspond to the areas, where the distribution of the vertices is high.
Therefore, we examined other method – sampling of the sphere using icosahedron and
its subdivision. An optimization of these two methods can be done by the adaptive
subdivision method. To compare these methods our algorithm calculates maximal
error, average error and the Hausdorff error [20].
Let us see how different approaches influences the graph of a single-valued function.
We chose the polynomial function f (z) = (z − 0.5 + i)2 ((0.5 − i)z − 1) from Fig. 5.
1
The function has two roots in points z1 = 0.5 − i and z2 = 0.5−i
. These points can be
identified by the cone shaped surface around such point. The root itself is mapped
on S2 . Clearly, the root z1 is a double zero point, hence the multiplicity of the color
scheme is 2. The second root is a simple zero point. Around the infinity point with
12
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Figure 6: Model of f (z) = (z − 0.5 + i)2 ((0.5 − i)z − 1) constructed by (a) the spherical coordinates without the adaptive subdivision, (b) the icosahedron without the
adaptive subdivision, (c) the spherical coordinates with 10 iterations of the adaptive
subdivision method, (d) the icosahedron with 10 iterations of the adaptive subdivision
method.

coordinates (0, 0, H(f (∞))), the color scheme repeats three times, so the infinity is a
triple pole of the function f (z).
To get smooth results without adaptive subdivision, we used the sixth subdivision
of icosahedron with 10242 vertices. In this case, the average error equals 0.00094
and the maximal error was 0.0465. To get a similar average error by using spherical
coordinates, one needs to use a graph with 13286 vertices. This visualization has
average error 0.00096 and the maximal error was 0.071. The results for the graphs
created using adaptive subdivision can be read in Table 1. After ten iterations of the
adaptive subdivision, the maximal error is similar to the maximal error for graphs
without adaptive subdivision. The slightly higher values of the average errors are
caused by the uneven distribution of the vertices around poles. The graphs created
after ten iterations of the adaptive subdivision have 30-40% of the number of the
vertices of the graphs without adaptive subdivision. Fig. 6 shows the graphs with
adaptive subdivision, which have higher density of the vertices in a neighborhood of
zero point (due to the high change of the absolute value).

5 Visualization of the deformation of ADE singularities
Our technique of visualization of the complex functions was used in visualizations of
the deformation of ADE singularities. Very briefly, such a singularity can be deformed
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Figure 7: From left to right, the figure illustrates the changes of the graph of the
deformation between the A2 and the A1 singularities for the sampled values of the
parameter a = 0, 0.4, 0.8, 1. In the top, the graph is displayed from the top, in the
bottom, the graph from the front.
only to a finite number of other ADE singularities by a suitable deformation. A more
precise description is out of the scope of this text and can be found in [3], [1, 7].
The technique of deformations is a fundamental method in e.g. algebraic geometry and
related mathematical disciplines; in Computer Graphics, the deformations are used
e.g. in morphing. However, the visualizations of deformations of complex functions
are very rare according to the authors knowledge.
The complexity of ADE singularity is given by its Milnor number, indicated by the
subscript k. The presented continuous blend Ak → Ak−1 allows us to decrease this
number by one, which is the smallest possible step, up to regularity (k = 0). The
animation
p comprehensibly captures the changes in the structure. Although the deformation a(f − L) − f , where f is the original function, a ∈ [0, 1] is the parameter
and L a linear (=regular) function, is the most effective deformation in the sense
that the singularity is removed in one step, this blend is not demonstrative enough,
because the changes in the structure are not sufficiently detailed.
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6. SUMMARY
Here, we describe in detail the deformation between the A2 and A1 singularities in
their normal form given by the equations Ak : xk+1 + y 2 , k ≥ 1.pFor the sake of
simplicity, we choose a 1-parameter deformation given by f (z) = a(z 3 − z 2 ) − z 3 ,
where a ∈ [0, 1] is the deformation parameter. This system provides a decrease of
the Milnor number by one. By changing the parameter, we get a sequence of images
demonstrating the change of the topology between A2 and A1 singularity at parameter
a = 1. In Fig. 7, we see such a sequence for the sampled values of the parameter
a = 0, 0.4, 0.8, 1.
The Milnor number corresponds to the number of sheets, which is necessarily used in
a neighborhood of the singularity. Hence, we go from three sheets to two while one
collapses.
In animations, we used an approximation of a sphere, where meridians are approximated by a polygonal line with 125 vertices and parallel lines approximated by a
polygonal line with 250 vertices. To get a continuous final sequence, we changed the
values of a from 0 to 1 by 0.01, getting an animation consisting of 101 different frames.
p
In Fig. 7, the top left figure presents the function f (z) = a(z 3 − z 2 ) − z 3 for the
√
parameter a = 0, i.e. f (z) = −z 3 which is the cuspidal curve with the A2 singularity.
The next two figures illustrate the change between A2 and A1 . We see that one
singular point moves along the negative real axis from 0 to ∞. In the top right figure,
√
we see the Riemann surface of the function f (z) = −z 2 , i.e. the curve containing
the A1 singularity at origin. Because the exponent is even, the surface consists of two
separate parts, intersecting in the left side of the right-most figure. The graph has
one singular point z = 0 and one singular point at the infinity.

6 Summary
The visualization of a complex valued function is a complicated process, because of
the real dimension of the ambient space in which its graph is naturally considered.
To visualize a real function f : R → R, we draw a graph y = f (x) in a two dimensional Cartesian coordinate system in R2 via identifying one axis with the domain of
the function and the other axis with its codomain. This method meets with some
difficulties when we want to extend it to a complex function g : C → C. The main
problem arising is that C has a real dimension two, thus we need a four-dimensional
real space to depict the graph of a complex function w = g(z).
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6. SUMMARY
We have presented an overview of methods of the visualization of complex functions.
The techniques like domain coloring and visualization using Riemann surfaces mostly
depict only part of the domain of the complex function. In our work, we have created a
workflow for the visualization of chosen classes of complex functions over the Riemann
sphere. This approach lets us visualize functions over the whole domain. To create
the graph of the complex valued function, we used icosahedron and its subdivisions
or a polyhedron constructed by the spherical coordinates.
Our visualizations depict the change of the modulus and the argument of a complex
function. The zero points and poles are clearly visible in the graph together with
their multiplicity. In case of multi-valued functions, a user can study the behavior of
the graph, structure of Riemann surface in the neighborhood of the branch points of
the function and the branch cuts of the function. For better understanding a user can
study the graph from different views and create cutouts of the graph and animations.
An enhancement of this approach was made by adaptive subdivision, which gave us
smooth graph of the complex function with lower number of vertices. To compare
this procedures, we have computed maximal error, Hausdorff error and average error
of the graph.
Our developed method can be used for visual inspection of complex functions and their
deformations. The results were published in the international journal of computer
graphics – The Visual Computer [20], Information Technology Applications [2] and
in conferences SCCG 2013 [3] and SCG 2010, 2012 [18, 19].
In future work, we aim to expand the set of visualized functions, for example by
elliptic functions, fractals etc. We want to try different height functions to eliminate
the number of intersections of the layers to a minimum and test different methods
of adaptive subdivision, e.g. based on maximal error. It would be also interesting
to visualize the functions over surfaces with same genus. An implementation of the
algorithms in a virtual reality environment could make the visualizations easier to
understand to a user.
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Bátorová, M. – Valı́ková, M. – Chalmovianský, P.: Desingularization of ADE singularities via deformation. In: Spring Conference on Computer Graphics SCCG’2013:
Conference Proceedings. Bratislava: Comenius University, 2013. pp. 44-51. ISBN
978-80-223-3377-1.
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curves (in Slovak; Vizualizácia komplexných funkciı́ ako lokálnej parametrizácie algebraických kriviek). In: Geometry and its applications 2013: Seminar Proceedings.
Bratislava: Slovak University of Technology, 2013. ISBN 978-80-227-3894-1.
http://www.math.sk/gaja/abstract/2013/Abstrakt Valikova GAJA2013.pdf

Research projects
Multi-valued functions and their Riemann surfaces over Riemann sphere (in Slovak;
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