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Introduction
In this thesis we focus on the numerical modeling of Richards equation in one
dimension. The force acting on water can be separated into capillary force and
external driving force. We assume two types of external driving force - either
gravitational force or centrifugal force. We also study the problem of contaminant
transport and adsorption (during the transport of contaminated water through
porous medium), which is governed by Fick’s law on top of the Richards equation.
The numerical models which are used in this thesis can be subdivided into two types.
The first type is the classical approach, where the whole interval representing the
sample is discretized and the resulting system of differential algebraic equations
is solved for instance by implicit Euler method. The second type approach uses
the interfaces separating the fully saturated zone, partially saturated zone and
residually saturated zone of the sample. These are subsequently transformed to the
unit interval and the resulting system of ordinary differential equations, including
the equations describing the time evolution of the interfaces, is solved using variable
order solver based on the numerical differentiation formulas.
In the last two sections of this thesis, we focus on two different inverse problems,
where we are determining the unknown function based on some simulated measurements. Our form-free approach is based on the representation of the unknown
function by splines and using the Gateaux differential to effectively compute the
sensitivity of residual to the coefficients used in the representation by basis splines.
We use projected gradient method to converge to the optimal solution.
1. Mathematical Model
1.1. Flow under gravitational force. Let us assume the vertically aligned sample of the porous medium. On the top of the sample, we have a water reservoir, from
which the water infiltrates into the sample. Below the porous medium, we have the
water collection chamber, where the water flows out. The sketch of this process is
in the Figure 1. The flow in porous media is modeled by Richards equation (see
[13]), which in 1D has the form
(1)

∂t θ + ∂x q = 0.

Here, θ denotes the saturation, q denotes the liquid flux. The flux of the liquid is
governed by
(2)

q = −Ks k(θ)(∂x h − 1),

where Ks is the saturated hydraulic conductivity, h(x, t) is the pressure head and
k(θ) is the permeability-saturation function. There exist several parametric models of the functions k(θ) and θ(h), e.g. van Genuchten – Mualem model has the
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Figure 1. Sketch of the initial state of the experiment
following form:
(3)
(4)

u(h) =

1
,
(1 + (αh)n )m

1

1

k(u) = u 2 (1 − (1 − u m )m )2 ,

where m, n, α are van Genuchten’s parameters. In the above equation, u denotes
the effective saturation and is defined by
θ − θr
,
θs − θr
where θr is the residual saturation and θs is the maximum saturation.
Boundary conditions of the model are conditional. If the top liquid reservoir is
not empty, we assume that

(5)

u=

(6)

l10 (t) = −q(0, t),

(7)

h(0, t) = l1 (t),

where l1 (t) denotes the amount of the liquid in the top liquid reservoir.
Otherwise, if the reservoir is empty, we have the no-flux boundary
(8)

q(0, t) = 0.

At the bottom of the sample, the Neumann boundary condition is taken.
(9)

∂x h(d, t) = 0.

The amount of water in the outflow chamber l2 (t) is given by
(10)

l20 (t) = q(d, t) = Ks k(θ(d, t)).

We note that if the whole sample becomes fully saturated, then the above mentioned
condition is not taken. Instead, we assume that
(11)

h(d, t) = 0,
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which leads to the following simple ODE:
(12)

l10 (t) = −Ks (1 +

(13)

l20 (t) = Ks (1 +

l1 (t)
),
d

l1 (t)
).
d

1.2. Flow under centrifugal force. In order to speed up experiments, a centrifuge is often used. Our centrifugal setup is following. At one arm of the centrifuge we have an injection chamber, from which the water infiltrates into a porous
medium sample located next to it. Behind this sample is an extraction chamber,
where the water is collected. The setup is sketched in Figure 2

Figure 2. Sketch of the initial state of the experiment
We assume the whole model in 1D, where considered dimension is the arm of the
centrifuge with sample. The porous medium sample lies at the interval hr0 , r0 + di.
There are only few changes in the mathematical model compared to the model with
gravitation. Namely, the flux of the water is in this scenario given by
(14)

q = −Ks k(θ)(∂r h −

ω2
r),
g

where ω is the angular speed of the centrifuge. Another change is in equation (7).
It has the form
Z r0
ω2
ω 2 r02 − (r0 − l1 (t))2
rdx =
.
(15)
h(r0 , t) =
g
2
r0 −l1 (t) g
Next change is in the equation (10), which now has form

(16)

l20 (t) = q(d, t) = Ks k(θ(d, t))

ω2
(r0 + d).
g

4

Consequently to the change in (7), the model of flow through fully saturated sample
(6) is also changed to the following
l10 (t) = −Ks

(17)

ω2
l1 (t)
(2r0 + d +
(2r0 − l1 (t))).
2g
d

1.3. Mathematical model of interfaces. The solution of the Richard equation
together with using input liquid reservoir and initially residually saturated sample
has interesting properties. The infiltrating water causes the division of the sample
into three parts. First is fully saturated part, second is partially saturated part and
remaining is residually saturated part. These three parts are separated by interface points moving in time. We denote them s1 (t) - the interface separating fully
saturated part and partially saturated part of the sample and s2 (t) - the interface
separating the partially saturated part of the sample and residually saturated part
of the sample.
In the fully saturated part of the sample saturation is equal to maximum saturation. Subsequently, we have constant flux in this whole region. In case of flow
under gravitation force this implies that pressure head is linear, equal to height of
the water column l1 (t) at point 0 and equal to 0 at point s1 (t). Therefore we have
l1 (t)(s1 (t) − x)
,
s1 (t)

(18)

h(x, t) =

(19)

q = Ks



l10 (t)

(20)


l1 (t)
+1 .
s1 (t)


= −Ks


l1 (t)
+1 .
s1 (t)

In the residually saturated part flux equals zero and saturation is equal to the
residual saturation. Partially saturated part of the sample is the only part on which
we have to solve the partial differential equation, because saturation is variable here.
We transform the one dimensional version of equation (1) from the moving interval
hs1 (t), s2 (t)i using transformation
(21)

y=

x − s1 (t)
.
s2 (t) − s1 (t)

We keep the notation same after the transformation, because no ambiguity can
arise. The transformed equations (1),(2) are
(22)

∂t θ = −

∂y q
∂y θ
+ (y∂t s2 (t) + (1 − y)∂t s1 (t))
,
s2 (t) − s1 (t)
s2 (t) − s1 (t)


(23)

q = −Ks k(θ)


∂y h
−1 .
s2 (t) − s1 (t)
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We can divide our experiment into 5 different stages, which differ from each other
by boundary conditions. During one experiment only some of these stages will
actually occur. The brief description of these stages is:
• Stage nr. 1: The water infiltrates into the sample and does not flow out
from the sample.
• Stage nr. 2: The water does not infiltrate into the sample (injection
chamber is empty) and does not flow out from the sample.
• Stage nr. 3: The water infiltrates into the sample and flows out from
the sample. The fully saturated part and partially saturated part are both
present in the sample.
• Stage nr. 4: The water infiltrates into the sample and flows out from the
sample. The whole sample is fully saturated.
• Stage nr. 5: The water does not infiltrate into the sample (injection
chamber is empty) and flows out from the sample. The whole sample is
partially saturated.
We will describe only Stage 1 here. Obviously by the definition of the interfaces,
we have the following equalities:
(24)

θ(s1 (t), t) = θs ,

(25)

θ(s2 (t), t) = θr .

We also need additional equations describing the location of interfaces. The derivation of the differential equation for the interface s2 (t) can be obtained following [15].
The formula for the time evolution of the interface s2 (t) in case of van GenuchtenMualem model for retention (3) and permeability (4) is:
1

(26)

s02 (t) =

1

Ks m2 ∂x− (u m + 2 )
.
1
(θs − θr )α(n − 1)( m
+ 12 )

The equation for s1 (t) is obtained from mass-balance equation and reads as
(27)

s1 (t) = −

l1 (t)
.
∂x+ h(s1 (t), t)

1.4. Contaminant transport and adsorption. We assume that the contaminant, the porous medium and the liquid have such properties that the flow of the
liquid does not depend on the contaminant concentration and adsorption. The
mass-balance equation for contaminant concentration in the liquid is
(28)

∂t (θw) + ρ∂t S + ∂x f = 0,

where product θ(x, t)w(x, t) is the mass of contaminant dissolved in the water per
unit volume of porous media, S(x, t) is the mass of contaminant adsorbed in the
porous media per unit mass of porous media, f (x, t) is the contaminant flux and ρ
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is bulk density of the solid matrix of the porous medium. The contaminant flux is
superposition of advection, diffusion and dispersion part given by the expression
(29)

f (x, t) = qw − (D0 θ + αL q)∂x w.

where w(x, t) is the contaminant concentration in the liquid, D0 is the molecular
diffusion constant and αL is the longitudinal dispersion. We will assume that the
contaminant present in the infiltrating liquid has the time dependent concentration
wl1 (t) and that at the bottom of the sample the contaminant flux consists only
from the advection part. Therefore, we have the following boundary conditions:
(30)

f (0, t) = wl1 (t)q(0, t),

(31)

∂x w(d, t) = 0.

Subsequently, the amount of contaminant in the outflow chamber l2,w is the following:
(32)

0
l2,w
(t) = q(d, t)w(d, t).

We choose the non-equilibrium model with kinetics coefficient κ to model the contaminant adsorption. The equation is
(33)

∂t S = κ(ψ(w) − S),

where ψ(w) is the sorption isotherm function. The mathematical model (33) is a
very simple one where the most common isotherms can be considered:
(34)

Ψ(s) = as (linear); Ψ(s) = asb (Freundlich); Ψ(s) =
Ψ(s) =

as
(Langmuir);
1 + bs

asr
(Mixed Freundlich − Langmuir).
1 + bsr

2. Numerical model of a direct problem
2.1. Numerical method using total discretization.
2.1.1. Numerical model for flow driven by gravitation. Hydrus1d is the software,
that has been developed since the release of its first version in 1993 (see its manual
[12]). It contains the solution of the mathematical problems linked to the infiltration
of (contaminated) water into a soil. For detailed description of the numerical model
see page 101 in HYDRUS manual, or full version of dissertation thesis. Initial
conditions are the discretization of the regularized initial state of the experiment.
For the flow of water into the residually saturated porous media we use initial
condition
(35)

h00 = l1 (0), h0i = −4000,

i = 1, 2, ..., N.
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2.1.2. Numerical model for contaminant. We use the operator splitting to split
contaminant transport and contaminant adsorption. We split the system (28), (33)
into two steps. In the first step we take the following system consisting only from
contaminant transport
(36)

∂t (θw) = ∂x f,

(37)

∂t S = 0.

(38)

(∂t θ + ∂x q = 0)

Boundary conditions are (30), (31). In the second step, we take the system consisting only from contaminant adsorption
(39)

∂t (θw) + ρ∂t S = 0,

(40)

∂t S = κ(ψ(w) − S).

(41)

(∂t θ = 0)

We obtain the solution in the new time tj+1 by solving the first step (36), (37)
using the values from time step tj as initial condition. We compute the solution
after time tj+1 − tj and subsequently we solve the second step (39), (40) using our
result from first step as initial condition and using time step tj+1 − tj .
By applying the finite volume method to the equation (36) we obtain:
2
wi − wi−1
(qi−1/2 wi−1/2 − (D0 θi−1/2 + αL qi−1/2 )
xi+1 − xi−1
xi − xi−1
wi+1 − wi
− qi+1/2 wi+1/2 + (D0 θi+1/2 + αL qi+1/2 )
), i = 1, ..., N − 1,
xi+1 − xi

(42) ∂t (θi wi ) =

(43)

∂t (θ0 w0 ) =

(44) ∂t (θN wN ) =

2
w1 − w0
(wl1 q0 − q1/2 w1/2 + (D0 θ1/2 + αL q1/2 )
,
x1 − x0
x1 − x0

2
(qN −1/2 wN −1/2
xN − xN −1
− (D0 θN −1/2 + αL qN −1/2 )

wN − wN −1
− qN wN ).
xN − xN −1

We replace the time derivative using implicite numerical difference. The result
of first step of splitting method wj+1/2 is the solution of the linear system (42)(44). Second step is solving the system (39),(40), which is the system of ordinary
differential equations at each grid point. Applying backward difference to (39),(40),
we obtain:
(45)
(46)

j+1/2

θij+1 (wij+1 − wi

) + ρ(Sij+1 − Sij ) = 0, i = 0, 1, ..., N,

Sij+1 − Sij
= κ(ψ(wij+1 ) − Sij+1 ), i = 0, 1, ..., N.
tj+1 − tj
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Replacement of Sij+1 in equation (46) using (45) and some rearrangements yield
(47)
κ(tj+1 − tj )ρ
j+1/2
= Ci (Sij − ψ(wij+1 )), Ci =
wij+1 − wi
, i = 0, 1, ..., N.
(1 + κ(tj+1 − tj ))θij+1
We use the substitution
j+1/2

(48)

yi = Sij −

wij+1 − wi
Ci

, i = 0, 1, ..., N

and we transfer the equation (47) to the form
(49)

j+1/2

ψ −1 (yi ) + Ci yi − (wi

+ Ci Sij ) = 0, i = 0, 1, ..., N.

We then apply classic Newton’s method to solve (49) in yi , which converges fast
for Freundlich isotherm. We use the initial iteration yi0 = Sij .
2.2. Numerical model using interfaces.
2.2.1. Numerical model of flow. In the following text, we focus at the Stage 1 for
gravitation. Let us discretize the spatial variable y using grid points 0 = y0 <
y1 < ... < yN −1 < yN = 1 and denote θi = θ(yi , t), yi−1/2 = yi−12+yi , qi−1/2 =
q(yi−1/2 , t). We approximate transformed equation (22) using finite volume method
and we arrive at the following semidiscretization approximating partial differential
equation (22) by a system of ordinary differential equations (ODEs):
(50)
θi0 (t) = 2

qi−1/2 − qi+1/2
θi+1 (t) − θi−1 (t)
+ (yi s02 (t) + (1 − yi )s01 (t))
,
(s2 − s1 )(yi+1 − yi−1 )
(s2 − s1 )(yi+1 − yi−1 )
i = 1, 2, ..., N − 1,

Obviously, we have θN ≡ θr and θ0 ≡ θs . The expression for computation of qi−1/2
is
(51)

 


θi−1 + θi
θi−1 − θi
θi + θi−1
qi−1/2 = −Ks k
h0
−1 ,
2
2
(s2 (t) − s1 (t))(yi + yi−1 )
where h0 (u) is the derivative of the pressure-saturation relation (e.g. derivative of
the inverse function to (3)). We have two different approaches available to obtain
semidiscrete forms for interfaces. First approach is to take semidiscrete forms of
(26) and (27). We note that the semidiscretization of (26) works obviously only for
van Genuchten–Mualem model and that semidiscretization of (27) is algebraic equation instead of ordinary differentiable equation. When we use these equations, then
the whole system is system of differentiable algebraic equations instead of system
of ODEs, which is more difficult to solve. Additionally, (26) has to be recalculated
if we use different pressure–saturation or permeability–saturation parametric relation. It may not always be possible to compute the analytical expression for time
evolution of s2 (t).
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We have developed the second approach to obtain expressions for interfaces that
does not have these shortcomings. It is a mass-preserving differential formula for
the interfaces s1 (t), s2 (t):
(52)

s01 (t) = 2

(53)

s02 (t) = 2

q0 − q1/2
,
θs − θ1

qN −1/2
.
θN −1 − θr

Using these expressions, the following mass-balance property holds:
"
N
−1
X
d
y1 − y0
yi+1 − yi−1
(54)
l1 (t) + θs s1 (t) + (s2 (t) − s1 (t))
θs +
θi (t)
dt
2
2
i=1


yN − yN −1
θr + (d − s2 (t))θr = 0.
+
2
We solve the resulting system of ODEs using odesolver ode15s in MATLAB.
We note that in case of initially dry porous medium, we have to regularize initial
conditions and set some small initial values for s1 (0) and s2 (0) instead of zeros. We
would like to highlight an additional benefit of equations (52) and (53) – the ability
to solve the problem when the sample is initially over-dry (θ(x, 0) = θt0 < θr , while
q(θ) = 0 for θ <= θr ). The equation (53) is then simply replaced by
qN −1/2
.
(55)
s02 (t) = 2
θN −1 − θt0
2.2.2. Numerical model of contaminant transport and adsorption. We extend our
novel numerical scheme with interfaces also to modeling of contaminant transport
and adsorption. We use the same grid points on partially saturated zone, additionally discretize the fully saturated part of the sample and assume the case when the
amount of contaminant in residually saturated part of the sample is negligible. For
each of these parts, we transform the equations (28) and (33) to the moving interval
and use finite volume method to semidiscretize the equation. The transformation
is given by:
yF =

(56)

x
,
s1 (t)

yP =

x − s1 (t)
.
s2 (t) − s1 (t)

Let us discretize the spatial variable y in both cases using grid points 0 = y0F <
F
F
y1F < ... < yN
< yN
= 1 for the fully saturated part and 0 = y0P < y1P < ... <
F −1
F
F
P
yNP −1 < yNP = 1 for the partially saturated part (grid points yiP are equal to the
grid poinjts yi , which are used to semidiscretize equation for saturation). When we
use finite volume method, the numerical semidiscretization of transformed equations
(28) and (33) together with their boundary conditions (30),(31) is following:
(57) ∂t (θs w0F ) =

s1 (y1F

2
wF − w0F
F
(wl1 q0 −q0 w1/2
+(D0 θs +αL q0 ) 1 F
−ρ∂t S0F ,
F
− y0 )
s1 (y1 − y0F )
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(58)

∂t (θs wiF ) =

F
wiF − wi−1
2
F
− (D0 θs + αL q0 )
(q0 wi−1/2
F
F )
F
− yi−1 )
s1 (t)(yi − yi−1

F
s1 (yi+1

F
+ (D0 θs + αL q0 )
− q0 wi+1/2

+ yiF s01 (t)

F
F
F
F
θs wi+1
+ ρSi+1
− θs wi−1
− ρSi−1
− ρ∂t SiF , i = 1, ..., NF − 1,
F − yF )
s1 (yi+1
i−1

F
)=
(59) ∂t (θs wN
F

−(D0 θs +αL q0 )

F
− wiF
wi+1
)
F − yF )
s1 (yi+1
i

2
F
(q0 wN
F − yF
F −1/2
(s2 − s1 )(y1P − y0P ) + s1 (yN
NF −1 )
F

F
F
wN
− wN
w1P − w0P
F
F
F −1
−q1/2 w1/2
+(D0 θ1/2 +αL q1/2 )
)
F
F
s1 (yNF − yNF −1 )
(s2 − s1 )(y1P − y0P )

+ s01 (t)

F
F
− ρSN
θ1 w1P + ρS1P − θs wN
F −1
F −1
− ρ∂t SNF ,
P
P
F
F
(s2 − s1 )(y1 − y0 ) + s1 (yNF − yN
)
F −1

(60)
∂t (θi wiP ) =

P
wiP − wi−1
2
P
(qi−1/2 wi−1/2
−(D0 θi−1/2 +αL qi−1/2 )
P
P )
P
P
(s2 − s1 )(yi+1 − yi−1 )
(s2 − s1 )(yi − yi−1

P
− qi+1/2 wi+1/2
+ (D0 θi+1/2 + αL qi+1/2 )

+((1−yiP )s01 (t)+yiP s02 (t))

P
(61) ∂t (θr wN
)=
P

P
wi+1
− wiP
)
P − yP )
(s2 − s1 )(yi+1
i

P
P
P
P
θi+1 wi+1
+ ρSi+1
− θi−1 wi−1
− ρSi−1
−ρ∂t SiP , i = 1, ..., NP −1,
P − yP )
(s2 − s1 )(yi+1
i−1

2
P
(qN −1/2 wN
P − yP
P −1/2
)
(s2 − s1 )(yN
NP −1
P

−(D0 θN −1/2 +αL qN −1/2 )

P
P
P
P
wN
θN −1 wN
+ θr wN
− wN
s02 (t)
P
P
P −1
P −1
−
)
P
P
2
s2 − s1
(s2 − s1 )(yNP − yNP −1 )
P
− ρ∂t SN
,
P

(62)
(63)

∂t S0F = κ(ψ(w0F ) − S0F ),
∂t SiF = κ(ψ(wiF ) − SiF ) + yiF s01 (t)

F
F
(64) ∂t SNF = κ(ψ(wN
) − SN
) + s01 (t)
F
F

F
F
Si+1
− Si−1
, i = 1, ..., NF − 1,
F − yF )
s1 (yi+1
i−1

(s2 −

s1 )(y1P

F
S1P − SN
F −1
,
P
F − yF
− y0 ) + s1 (yN
NF −1 )
F

(65) ∂t SiP = κ(ψ(wiP ) − SiP )
+ ((1 − yiP )s01 (t) + yiP s02 (t))

P
P
Si+1
− Si−1
, i = 1, ..., NP − 1,
P
P )
(s2 − s1 )(yi+1 − yi−1
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(66)

P
P
P
) − s02 (t)
) − SN
= κ(ψ(wN
∂t SN
P
P
P

P
P
SN
+ SN
P −1
P
.
P
P
(s2 − s1 )(yNP − yN
)
P −1

F
F
Obviously, wN
≡ w0P andSN
≡ S0P . The important property of this discretization
F
F
is that it is mass-conservative. For Stage 1 that means that the following total mass
expression (for constant wl1 ) remains constant:

(67)

Mass = wl1 l1 (t)
+ s1 (t)

NX
F −1 F
F
yi+1 − yi−1
y1F − y0F
(θs w0F + ρS0F ) +
(θs wiF + ρSiF )
2
2
i=1
!
F
F
yNF − yNF −1
F
+
(θs wNF + ρSNF )
2

+ (s2 (t) − s1 (t))

NX
P −1 P
P
yi+1 − yi−1
y1P − y0P
(θs w0P + ρS0P ) +
(θi wiP + ρSiP )
2
2
i=1
!
P
P
yN
− yN
P
P
P −1
+
(θr wNP + ρSNP ) .
2

3. Numerical examples
3.1. Example 1. In the first example we compared results using four different
numerical methods:
• software HYDRUS-1D (HYD+SW)
• numerical method using interface and finite difference scheme (see [2])
(FD+IA)
• numerical method presented in HYDRUS manual (HYD+NM)
• numerical method described here (see (50)-(53)) (FV+IN)
Let us consider the direct problem with the following initial conditions and parameters:
(68) l1 (0) = 10, Ks = 2.4 × 10−4 , n = 2.81, α = 0.0189, θs = 0.4, θr = 0.02, d = 10.
The sample is initially residually saturated. As a comparison, we plot a function of
effective saturation profile u in time T = 1400 for all four methods (see Figures 3
and 4).
3.2. Example 2. Let us consider the direct problem with the following initial
conditions and parameters:
(69)
l1 (0) = 10, Ks = 2.4 × 10−4 , n = 2.81, α = 0.0189, θs = 0.4, θr = 0.02, d = 10,
D0 = 5 × 10−4 , κ = 10−2 , ρ = 0.6, αL = 1, Ψ(s) = s0.75 .
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Figure 3. Solution obtained using (HYD+SW) is green,
(FD+IA) black, (HYD+NM) blue and (FV+IN) red. See also
zoom in the Figure 4.

Figure 4. Solution obtained using (HYD+SW) is green,
(FD+IA) black, (HYD+NM) blue and (FV+IN) red

We run the experiment up to time Tf = 100000. We compare results using two
different numerical methods:
• numerical method presented in HYDRUS manual (HYD+NM)
• numerical method described in Section 3.2.1. and numerical method for
contaminant described at the bottom of Section 3.2.2. (method on the
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interval h0, s2 i subdivided into two regions by s1 ) (see (57)-(60), (62)-(65),
(61)-(66)) (FV+I2Z)
We compute two relatively accurate solutions using both methods. We use 400 grid
intervals for the method (HYD+NM) andi n the second method (FV+I2Z) we use
50 grid intervals in the fully saturated region and 200 grid intervals in the partially
saturated region. We present the numerical solution graphically. In Figure 5, we
present the time evolution of l2,w computed by both methods together with the
difference between those two numerical solutions. In Figures 6 and 7 we present
the distribution of contaminant dissolved in water and adsorbed into sample in four
time moments t = {100, 1000, 10000, 100000} together with the difference between
the two solutions.
4. Sorption isotherm determination problem
This chapter is published in [1].
Our main goal in this section is the determination of sorption isotherm without
any structural assumptions (e.g. Langmuir, Freundlich, etc.). We assume only natural requirements on qualitative properties (nonnegativity, smoothness and monotonicity). We note that this setting represents an infinite dimensional space instead
of a finite dimensional case when it suffices to determine only a few tuning parameters. For this purpose we propose an efficient numerical procedure, which is a
good candidate for the solution of this inverse problem. Our numerical experiments
support it.
We propose a method to obtain an acceptable approximation of the sorption
isotherm. Let us have an experimental setup with flow of contaminated water into
dry porous media (see Section 2.1 and Section 2.4). During the experiment, we refill
the tube of the contaminated liquid at certain time points. We measure the outflow
contaminant flux during the whole experiment; this is the only measurement used
to determine the sorption isotherm.
There are some advantages of using a form free parametrization compared to
modeling using a priori chosen isotherm. Obviously, the form free modeling is
universal and therefore it can fit the measurements better. When we consider
the solution of the inverse problem for different a priori chosen isotherms we can
observe that the computation time usually grows significantly with the number
of free parameters in the model. This is however not the case for the free form
optimization projected to the M dimensional space using localized splines. Here,
when we increase M, the computational time remains almost identical, which allows
us to use big value M. It is the advantage of using Gateaux differential, which
computes all derivatives at once. We note that once we find the sorption isotherm
using free form modeling, we can expect that it will be valid also for other input
data.
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Figure 5. Top Figure: Time evolution of cumulated contaminant in outflow, red: FV+I2Z (M=50, N=200), black: HYD+NM
(N=400)
Bottom Figure: Time evolution of difference between the two computed solutions l2,w Bc − l2,w B
In our proposed scenario, the outflow liquid flux together with its concentration
are measured; therefore, we assume that we have a measurement m(t) of the outflow
contaminant flux. Further, we assume that the only unknown in the model is the
sorption isotherm, which we want to determine. The main idea of our method is as
follows: we construct the cost functional
Z Tf
(70)
J(ψ) =
(q(d, t)wψ (d, t) − m(t))2 dt,
0

where ψ ≡ ψ(w) is a sorption isotherm (dependent on contaminant concentration
in the water w ∈ h0, 1i) used in our coupled system, wψ (d, t) is the contaminant
concentration at time t at the sample outflow computed from our system using ψ
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Figure 6. Top Figure: Distribution of contaminant dissolved
in water θw in time moments t = 100, 1000, 10000, 100000, red:
FV+I2Z (M=50, N=200), black: HYD+NM (N=400)
Bottom Figure: Difference between the two computed solutions
θB wB − θBc wBc

and Tf is the time of the end of the experiment. We search for ψ in the set of
all functions satisfying the required qualitative properties, for which the functional
value J is minimal. These required properties are:
(71)

ψ ∈ C 1 (0, 1),

ψ ≥ 0,

ψ(0) = 0,

ψ 0 ≥ 0,

where C 1 (0, 1) denotes the class of continuously differentiable functions. The main
tool for finding the solution is to construct the differential of Gateaux,
(72)

δJ(ψ, s) = lim+
ε→0

J(ψ + εs) − J(ψ)
.
ε
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Figure 7. Top Figure: Distribution of contaminant adsorbed
in sample S in time moments t = 100, 1000, 10000, 100000, red:
FV+I2Z (M=50, N=200), black: HYD+NM (N=400)
Bottom Figure: Difference between the two computed solutions
SB − SBc
We then improve, in an iterative way, ψn in the direction of sn (n is the order of the
iteration), where δJ(ψn , sn ) < 0. Since we have constrains on the function ψn and
the current iteration ψn can be on the boundary of the admissible set, we cannot
use the direction of the steepest descent, as this may lead us outside the admissible
region, no matter how small a step we take. We use the projected gradient method
to overcome this problem.
The construction of the differential δJ(ψ, s) follows Lagrange’s idea - the construction of the dual system for dual variables (also known as Lagrange multipliPM
cators). We assume the unknown function ψ in the form ψ M (x) = i=0 ψi bi (x),
where ψi are scalar coefficients and bi (x) are C 1 smooth locally supported splines
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corresponding to a discretization of the interval h0, 1i localized to small subintervals of h0, 1i. Thus, ψ M (x) represents finite dimensional approximation of ψ; it
is a good approximation for M large enough. Our finite dimensional optimization
problem reads as
(73)

min

M +1
∩U
{ψi }M
i=0 ∈R+

M
X
J(
ψi bi (x)),
i=0

+1
where U is the subset in RM
for admissible {ψi }M
+
i=0 so that qualitative properties
M
for ψ (x) are met. To solve the finite dimensional problem (73) in an iterative
way, we use the form of Gateaux differential (72), which gives us simultaneously all
M
)
partial derivatives ∂J(ψ
∂ψi . This procedure allows us to avoid the common numerical
M

)
computation of ∂J(ψ
∂ψi , which, for large M, would be very inefficient.
We present an example result in Figure 8. In the corresponding experiment,
we have computed bottom contaminant flux (black in the right subfigure) using
specific Langmuir sorption isotherm (black in the left subfigure). Subsequently, we
have perturbed that bottom computed flux (we have obtained blue curve in the
left subfigure after perturbation). We have started iteration process with linear
sorption isotherm (red in the left subfigure) and we have obtained final iteration
(blue in the left subfigure), which corresponds to bottom contaminant flux (blue in
the left subfigure) that is graphically identical to the desired bottom contaminant
flux.

Conclusions
In this first part of this thesis, we have studied the numerical solution of the
direct problem. The modeled process was the infiltration of water into the porous
media under either gravitational or centrifugal force. If we have supposed that the
water was contaminated, then our model involved also the contaminant transport,
dispersion and adsorption.
This physical process was modeled by the system of partial differential equations.
We have used Richards equation to model water flow and Ficks law to model the
flux of the contaminant. There are several well-known numerical models and computer programs, that can solve this model when gravitational force is considered.
We have taken the numerical method used by software HYDRUS, and extended
it also to the case of centrifugation. Thus, we have obtained reliable numerical
method to which we could subsequently compare our original method. Our original
method is based on the application of moving interfaces - boundaries between the
fully saturated, partially saturated and residually saturated regions. The method
involving interfaces was developed by Kačur and Constales earlier, we have however
developed different formulas for time evolution of these interfaces (in review in [])
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Figure 8. LEFT: red (dot):
initial linear iteration ψ0 ;
black(dash): Langmuir isotherm; blue (solid): final iteration ψ319
RIGHT: red (dot): q(d, t)w(d, t) corresponding to ψ0 ; black (dash):
q(d, t)w(d, t) corresponding to Langmuir isotherm; blue (solid):
both q(d, t)w(d, t) corresponding to final iteration ψ319 and m̃ obtained by running simulation using Langmuir isotherm and subsequently altered by the perturbation

which led to more stable and universal method (applicable to a wider range of problems outside our original problem). Moreover, unlike Kačur-Constales method, our
method is mass-preserving for any spatial semidiscretization. We have presented
few numerical experiments in this work which proved the robustness of the tested
numerical methods and gave some insight to the differences between them.
The second part of the thesis is composed of publications [1] and [4]. We have
studied there two inverse problems, where unknown was the whole function. The
first problem was the determination of sorption isotherm based on the contaminant outflow data. The second problem was the determination of the pressurepermeability relation based on the water outflow data, which we omitted in this
short self-report. This type of inverse problem is typically ill-posed, and especially
the first problem was such ill-posed, that we had to change the experimental setup
in order to be able to solve it. For both problems, we have created a form-free
numerical model based on Gateaux differential and projection by splines to finite
dimensional subspace to solve them. In thesis, we present computation of Gateaux
differential both in continuous and discrete (semidiscrete) form, but during the computations we use only the latter. Using discretized form directly omits one source
of error and therefore increase the accuracy and stability of our algorithm. The
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numerical model of obtaining these unknown functions is another original outcome
by author of this thesis.
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