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Súhrn práce
Vznik a vývoj kozmologických perturbácií
Creation and evolution of cosmological perturbations
Perturbation theory in at universe
The cosmic microwave background (CMB) anisotropies provide a very powerful tool for
comparing the theory with observations. This requires an analysis within the perturbation theory. The linearised perturbation theory describes the evolution of perturbations
and is sucient for computation of the two-point correlation functions.
Since according to most of the inationary models the vector perturbations are
not generated, we may skip them. The scalar and tensor perturbations of the at
FriedmannRobertsonWalkerLemaître (FRWL) metric are parametrized by four scalar
perturbations φ, ψ , B and E ,

ds(S)2 = a2 (1 + 2φ)dτ 2 + 2B,i dτ dxi − [(1 − 2ψ)δij − 2E,ij ] dxi dxj ,
(1)
R
where τ = a−1 dt is the conformal time, a(τ ) is the scale factor of the universe, and
the tensor perturbation are described by the tensor γij ,


ds(T)2 = a2 dτ 2 − (δij − γij ) dxi dxj ,

(2)

which is transversal, γ ji,j = 0, and traceless, γ ii = 0 (with indices raised and lowered by
the Euclidean metric).
The scalar perturbations change under the small coordinate transformation
(3)

xµ → x̃µ = xµ + ξ µ (x),

so that they may vanish in one coordinate system while being nonzero in another one,
which leads to problem with physical interpretation. The problem can be avoided by
introducing variables which are invariant under small coordinate transformations (3).
The simplest combinations of variables characterizing scalar perturbations which are
invariant are

1
Φ = φ − [a(B − E 0 )]0 ,
a

Ψ=ψ+

a0
(B − E 0 ).
a

(4)

There are two independent invariant scalar perturbations because there are two scalar
parts of ξ µ which can be chosen appropriately to remove two of four functions φ, ψ , B
and E . Note that γij is invariant.
4

Presence of metric perturbations usually causes formation of matter perturbations
and vice versa. In order to construct a realistic model of cosmological perturbations,
one has to take into account also matter perturbations. The energy density, pressure
and 4-velocity perturbations which are invariant under coordinate transformation (3)
are
0

δρ = δρ − ρ(0) (B − E 0 ),
0

δp = δp − p(0) (B − E 0 ),
0

δu0 = δu0 − [a(B − E 0 )] ,

(5)

δui = δui − a(B − E 0 ),i .
Dynamics of metric perturbations and perturbations of stress-energy tensor describing the energy density, pressure and 4-velocity is given by Einstein eld equations,

1
1
Gµν ≡ Rµν − Rλλ δµν = Tµ ν ,
2
2

(6)

where Rµν is the Ricci tensor. Due to the Bianchi identity, these equations can be
supplemented by the energy-momentum conservation law, Tµ λ;λ = 0.

Cosmic microwave background
The cosmic microwave background (CMB) anisotropies are given by perturbations at
the time of last scattering and eects inuencing photons during their propagation to
the observer. Eects inuencing photons during their propagation to the observer can
be described with the use of relativistic Boltzmann equation for polarization-dependent
distribution function of photons. The solution for temperature uctuation δT /T can
be expressed in the form of line-of-sight integral, and if we restrict ourselves to scalar
perturbations,3 we can write it as a sum of two terms (see 7.1 in [31]),
 
 
δT
δT
δT
(τ0 , l) =
(τ0 , l) +
(τ0 , l),
T
T early
T ISW

(7)

where τ0 is conformal time today and l is the unit vector pointing towards the observer
from the place in the sky from which the radiation is coming. The rst term represents
uctuations which appeared when there was signicant amount of free electrons in the
universe (this includes the period of reionization, which is however not considered here),
and the second term, called integrated SachsWolfe eect, represents uctuations which
3 We

omit the tensor perturbations, since their eect on the CMB has not been observed yet.
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arise from the action of metric perturbations on radiation during its propagation to the
observer.
The early part of temperature uctuations simplies if we assume that photons are
in local equilibrium during the whole period of recombination, and that they scatter
for the last time at any moment τl with probability distribution given by their mean
free time at that moment. The line-of-sigh integral then reduces to an integral over the
times τl of the function
 


δT
1
(τ0 , l; τl ) =
δγ (τl , l) + Φ(τl , l) + v(τl , l) · l V(τl ),
T early
4

(8)

where V is the visibility function, δγ = δργ /ργ is the photon density contrast in Newtonian gauge (for simplicity, we skip the bar over δ ), v is the local velocity of the radiating
matter, and δγ (τ, l), Φ(τ, l) and v(τ, l) denote the values of functions δγ , Φ and v at the
conformal time τ and at the position where the photon arriving in the direction l was
at that time. The rst term in the brackets in (8) is the local contribution to δT /T as
computed from the proportionality ργ ∝ T 4 (StefanBoltzmann law), the second term,
called SachsWolfe eect, comes from the action of metric perturbations on radiation
in the place of last scattering, and the third term is due to Doppler eect, which contributes to the observed temperature uctuations because the radiating matter at the
time of last scattering is not static.
In the terms of functions

1
α(k) ≡ δγk + Φk ,
4

β(k) ≡ −

3
(δγk − 4Ψk )0 ,
4k 2

γ(τ, k) ≡ Φ0k + Ψ0k ,

(9)

with Φk , Ψk and δγk denoting amplitudes of corresponding perturbations in the form of
plane waves, which are functions of the conformal time τ only, the CMB temperature
anisotropies can be approximated by the formula
"

Z
δT
d3 k
∂
(τ0 , l) ≈
α(k) + β(k)
eik·l(τrec −τ0 ) +
T0
(2π)3/2
∂τ0 τrec
#
Zτ0

+

2

γ(τ, k)eik·l(τ −τ0 ) dτ e−Σk ,

(10)

τrec

where the constant Σ is dened as

2
a(τrec )
1 z(τrec )
Σ≡
,
6
Z
a0 (τrec )
6

Z=

E2S
,
kB T0

(11)

where z(τ ) is the redshift of radiation emitted at the conformal time τ , E2S = 3.4eV
is the ionization energy in the 2S state of the hydrogen atom and kB T0 is the energy
corresponding to the temperature of the CMB radiation today.
Since the CMB anisotropies are random, we must introduce correlation functions
if we want to compare observations with the theory. The simplest quantity measuring
statistical features of the CMB anisotropies is the two-point correlation function, which
is conventionally encoded in the CMB angular power spectrum. Another important
quantity is the three-point correlation function encoded in bispectrum, which measures
the size and shape of non-Gaussianity.
The two-point correlation function given by the observed CMB temperature anisotropies
is dened as


C(θ) =


δT
δT
(τ0 , l1 ) (τ0 , l2 )
,
T0
T0
l1 ,l2

x

l1 · l2 = cos θ,

(12)

where the brackets h il1 ,l2 denote averaging over all directions l1 and l2 while keeping the
angle between them equal to θ. This is to be compared with the function C(θ) obtained
by a dierent averaging


δT
δT
C(θ) =
,
(τ0 , l1 ) (τ0 , l2 )
T0
T0
ens

!

l1 , l2 -x: l1 · l2 = cos θ,

(13)

where the brackets h iens denote averaging over the statistical ensemble of the CMB
anisotropies or, equivalently, over all observers in the universe. The two-point correlation
function given by (13) can be rewritten into the form
∞
1 X
C(θ) =
(2l + 1)Cl Pl (cos θ),
4π l=2

Cl = |alm |2

ens ,

(14)

where Pl are Legendre polynomials. Coecients Cl are called the angular power spectrum
of the CMB.
The coecients h|alm |2 iens are independent on m, because there is no preferred direction in the universe, but for the observer there is a statistical randomness of the
CMB anisotropies, so the observed h|alm |2 i are not equal for all m for a given multipole
moment l. The best estimation of these coecients is then given by averaging

Cl =

l
X
1
|alm |2 .
2l + 1 m=−l

7

(15)

The corresponding error of the values of Cl is then given by the expression known as
the cosmic variance,

∆Cl
=
Cl

r

2
.
2l + 1

(16)

This error is unavoidable, since for the observer there is available only one observation
of the CMB radiation.
The angular power spectrum can be expressed in the form

2
Cl =
π

Z∞

τl (k)2 (2π)3 PΦ (k)

dk
,
k

(17)

0

where

"

α(k)

τl (k) =

jl (k(τ0 − τrec )) +

(0)

Φk
Zτ0
+
τrec

τrec

γ(τ, k)
(0)

Φk

β(k)
(0)

Φk

τrec

∂
jl (k(τ0 − τrec )) +
∂τ0

#
2

jl (k(τ0 − τ ))dτ e−Σk ,

and the function PΦ called the primordial power spectrum dened by
D
E
(0) (0)
Φk1 Φk2
= (2π)3 δ (3) (k1 + k2 )k1−3 PΦ (k1 ),
ens

(18)

(19)

can be well approximated as a function proportional to a power of the comoving wavenumber,

PΦ (k) ∝ k ns −1 ,

(20)

where the value of so-called spectral index ns is close to 1. When ns = 1, the power
spectrum is at, and deviation of ns from 1 is called spectral tilt.

Ination
There are three basic problems which are not explained by the ΛCDM model, horizon
problem, atness problem and monopole problem. To solve these problems by ination,
the minimal number of e-foldings measuring the rate of expansion of the universe during
ination is 62 for ination occurring at the energy scale of grand unied theory and 68
for the Planck energy scale.
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A quantity which measures the deviation of evolution of the scale factor during
ination from the de Sitter solution is the slow-roll parameter,

=−

Ḣ
,
H2

(21)

where H = ȧ/a. It is easy to see that if  = 0 we obtain exponential dependence of the
scale factor on cosmological time. In terms of the conformal time this dependence reads

a=−

1
,
Hτ

(22)

where by convention τ ∈ (−∞, 0). Since we have to avoid never ending ination, we
actually need the slow-roll parameter  being a function which is small only for some
limited period of time, during which the inationary expansion occurs. In order to have
sucient number of e-foldings the ination has to last long enough, so that the slow-roll
parameter  must be during ination not only small but its time derivative must be
small as well. For this reason we introduce the second slow-roll parameter η as

η=

˙
.
H

(23)

We may also consider the denitions of slow-roll parameters as equations for scale factor.
Their solution for times such that |τ |  |η(τref )|−1 |τref |, where τref is some reference
conformal time, can be approximated by


a(τ ) = a(τref )

τ
τref

−1−(τref )


,

(τ ) = (τref )

τ
τref

−η(τref )
.

(24)

For the reference time it is conventional to choose the time when the longest mode of
observational relevance today with the wavenumber kmin ∼ a0 H0 exits the horizon, i.e.,

kmin
∼ |H0 τref | = 1.
H(τref )a(τref )

(25)

Solid matter in cosmology
The universe is not lled with the perfect uid. During the pre-recombination period
interaction of photons with the baryonic matter caused viscosity which is eectively
described by the additional non-diagonal terms in the stress-energy tensor. A more
speculative example of an imperfect uid in cosmology is a solid matter with nonzero
shear modulus. The solid matter can be fully described with the use of the spatial
9

internal or body coordinates, which by denition are always constant for a given element
of the solid and kinematics of the solid is given by the mapping
space-time → R3

f:

xµ

7→ φI

.

(26)

The metric which measures angles and distances in the solid with respect to the internal
coordinates then can be obtained by push-forward of the space-time metric tensor

B IJ = −g µν φI ,µ φJ ,ν ,

(27)

where the sign is chosen to obtain the positive metric, and it is called the internal or

body metric. In order to apply the perturbation theory we consider the internal metric
to have the form of a sum of background metric and perturbation,
(0)

BIJ = BIJ + δBIJ ,

(28)

(0)

where the unperturbed part BIJ corresponds to the solid in equilibrium.
The dynamics of the relativistic solid matter can be formulated with the use of
the equation of state which determines the dependence of the energy density of the
solid ρs on its deformation given by the perturbation part of the internal metric, ρs =
ρs (δB IJ ). Considering a homogeneous and isotropic solid, the equation of state must
be also homogeneous and isotropic, i.e. it has to be invariant under global internal
rotations and translations. The equation of state can be rewritten as
!
ρs
1
1
λ
= 1 + (1 + ws ) δB +
+ 1 + ws δB 2 +
(0)
(0)
2
8
ρs
ρs
!
1
µ
+
− 1 − ws δB · δB,
4 ρ(0)
s

(29)

where λ and µ are Lamé coecients, and ws is the pressure to energy density ratio of
the unperturbed solid matter.

Radiation-like solid in pre-recombination era
Now we will study eects of presence of a solid matter with nonzero shear modulus
lling the universe before recombination, reproducing [43]. We will restrict ourselves to
the case, when the pressure to energy density ratio of this solid is ws = 1/3, the same as
for radiation, and photons are coupled with this solid. We will call this solid matter the
10

radiation-like solid. To study the dynamics of the relativistic solid matter we will use
so-called proper-time comoving gauge [32], in which the (00)-component of the metric
tensor is unperturbed and the shift vector of the radiation-like solid δx is zero as well as
for all matter coupled with it. Therefore, in this gauge the scalar part of the perturbed
FRWL metric takes the form

ds2S = a2 dτ 2 + 2B,i dτ dxi − [(1 − 2ψ) δij − 2E,ij ] dxi dxj ,

(30)

and the internal coordinates coincide with the space coordinates, φI (x) = δiI xi .
Equations for invariant metric perturbations E and B , invariant perturbations describing the dark matter velocity and energy density ϑ̂ and δ̂ d and perturbation of
nutrinos σ̂ and δ̂ ν in the form of plane waves with wavenumber k are


E 0 = − s2 + 3αbsγ H̃2 B̃ − αbsγ H̃E − 3αd H̃2 Θ − αd H̃δ̂ d −

(31)

3
−3αν H̃2 Σ − αν H̃δ̂ ν ,
4 
2
= 3cs0 + αbsγ − 1 H̃B̃ + c2s|| E + ΞE 0 + αd H̃Θ + αν H̃Σ,

(32)

B̃ 0

Θ0 = αbsγ H̃B̃ + (αd − 1) H̃Θ + αν H̃Σ,


δ̂ d0 = E 0 + s2 B̃ − Θ ,

(33)

1
Σ0 = αbsγ H̃B̃ + αd H̃Θ + αν H̃Σ + δ̂ ν ,
4


4
4
δ̂ ν0 =
E 0 + s2 B̃ − Σ ,
3
3

(35)

(34)

(36)

where

αbsγ =

γ
3 ρbs
+
,
2 ρ

αd =

3 ρd
,
2 ρ

αν =

3 ρν+
,
2 ρ

(37)

with the subscript + standing for adding the pressure to the energy density. The prime in
equations of motion denotes dierentiation with respect to rescaled conformal time ζ =
√
√
( 2−1)τ /τeq with τeq denoting the matter-radiation equality, s = kτ∗ , τ∗ = τeq /( 2−1),

γ
H̃ = a0 /a with the redened prime, B̃ = B/τ∗ , Θ = ϑ̂/τ∗ , Σ = σ̂/τ∗ , Ξ = 4N /(3aρbs
+ τ ∗ ),

N is the viscosity coecient of the system of baryon-radiation plasma and solid matter
and ρbsγ is its energy density. These equations represent generalization of equations
(4) in [29] valid in the long-wavelength limit only. The two sound speeds appearing in
the system of equations, auxiliary sound speed cs0 and longitudinal sound speed of the
baryon-radiation plasma with radiation-like solid coupled to it cs|| , are dened as

c2s0 =

K
,
γ
ρbs
+

c2s|| = c2s0 +
11

4 µ
= (1 + 3ξ)c2s0 ,
γ
3 ρbs
+

(38)

where K is the compressional modulus and ξ is the dimensionless shear modulus dened
as

µ
,
ρsγ
being the sum of energy densities of solid and photons.
ξ=

ρsγ

(39)

The CMB angular power spectrum is computed with the use of integral (17) and
according to (18) we must know functions α(k), β(k) and γ(τ, k) dened by (9). The
numerical calculation of the CMB angular power spectrum simplies considerably if we
omit the integrated SachsWolfe eect, but applicability of results reduces to small-scale
sector, [34]. In such case, from three functions in (9) we need only rst two of them
evaluated at the time of recombination. They can be written in terms of proper-time
comoving variables as

!


1 0
1 6ξ H̃2
α = 2H̃ B̃ + 2 E +
+
E,
s
3 s2 1 + X


0
1 0
3
1 1
E + 2 H̃ B̃ + 2 E
,
β = −
τ∗ s2
s
s

(40)

where X = a/aeq = ζ(ζ + 2).
Dene the variance of the coecients of angular power spectrum due to the presence
of radiation-like solid as

∆ξ Cl Cl (ξ) − Cl
=
,
Cl
Cl

(41)

where Cl and Cl (ξ) are the coecients of angular power spectrum in a universe without
the radiation-like solid and with it respectively. The values of ∆ξ Cl /Cl are compared
with the cosmic variance (16) for the Planck values of cosmological parameters in Fig.
1.
The presence of radiation-like solid can be conrmed by observations only if |∆ξ Cl /Cl |

>|∆Cl /Cl |. As seen from Fig. 1, this holds for very high l, even if |ξ| is small enough
so that inverse inequality is valid for low multipole moments.

Ination driven by scalar eld and solid matter
Now we reproduce [45], where the inationary model including solid matter and single
scalar eld is studied. The model under consideration is generalization of so called solid

ination [12, 3] and the single-eld model, with the matter Lagrangian density
1
L = − g µν ∂µ ϕ∂ν ϕ + F (X, Y, Z, ϕ),
2
12

(42)

Fig. 1: The ratio of the variance of the coecients of angular power spectrum due to
the presence of radiation-like solid to the cosmic variance, depicted for given values of
the shear modulus parameter ξ .
where X , Y and Z are dened by

X = B II ,

Y =

B IJ B IJ
,
X2

Z=

B IJ B IK B JK
,
X3

(43)

and the internal coordinates φI appearing in (27) play the role of inationary elds. This
is the most straightforward combination of the two models and it can be considered as,
for instance, a simple toy model of interactions of elds driving the solid ination with
elds of an eective eld theory of the standard model.
In this inationary model the slow-roll parameter is

1
 = p + q − pq,
3

p=

ϕ̇2
,
2
2MPl
H2

q=X

FX
,
F

(44)

where p and q are the slow-roll parameters of the single-eld ination and the solid
ination respectively. In this work we restrict ourselves to the special case in which
both p and q are small.
From [31] we adopt denition of the scalar quantity ζ that parametrizes the curvature
perturbations. The corresponding power spectrum Pζ (k) is dened by the two-point
13

function in the late time limit, h0| ζk1 ζk2 |0i = [Pζ (k1 )/(2k13 )] (2π)5 δ (3) (k1 + k2 ). The
corresponding spectral tilt up to the leading order of the slow-roll approximation is
(δϕ)

nS − 1 = −2

(U )

c5L,e σpe c

+ (e − pe ) pc

,
5
e + cL,e σ − 1 pe

σ=e



(U )
(δϕ)
2Nmin c −pc

(45)

where cL = (1 + 2XFXX /(3FX ) + 8(FY + FZ )/(9XFX ))1/2 is the longitudinal sound
speed, p(U ) = p−c2L Q+ 21 ηQ + 52 ηL , (δϕ) = +2p+ 31

Fϕϕ
,
H2

Q = −p, and both ηQ = Q̇/(H)

and ηL = ċL /(cL H) have been assumed to be of the rst order in the slow-roll parameters. The subscript c stands for quantities evaluated at the reference time satisfying
the restriction (25), subscript e stands for quantities evaluated at the time when the
ination ends,
0− , Nmin is the minimal number of e-foldings (Nmin ∼ 60), and
 τe ≈ 
(U )
(δϕ)
2 p −c
(kmax /kmin ) c
, kmax ∼ 3000kmin being the maximal wavenumber corresponding
to the highest observed multipole moment of the cosmic microwave background, and
(U )

c
c−2p
L,c

were replaced by one. (For example 30000.01 =1.08
˙
and 0.10.01 =0.98
˙
.)

The tensor spectral tilt in our model is nT − 1 = 2c2L,c c − 2(1 + c2L,c )pc and tensorto-scalar ratio is r = Pγ /Pζ = 4c5L 2 / [ + (c5L − 1) p].
The three-point function of the scalar ζ can be computed with the use of the in-in
formalism [42]. The scalar bispectrum Bζ (k1 , k2 , k3 ), dened by relation hζk1 ζk2 ζk3 i =

(2π)3 δ (3) (k1 + k2 + k3 )Bζ (k1 , k2 , k3 ), consists of two parts,
Bζ (k1 , k2 , k3 ) = FY BζY (k1 , k2 , k3 ) + Nζ c2L,c F̃ B̃ζ (k1 , k2 , k3 ),

(46)

parametrized by three independent parameters of the theory, FY , F̃ = X(FXY + FXZ )
and Nζ cL,c , where Nζ is a number of of the order of number of e-foldings. Following
conventions of [50], we dene x = k2 /k1 and y = k3 /k1 and describe the bispectrum by
the function x2 y 2 Bζ (1, x, y) dened in region 1 − x ≤ y ≤ x, 1/2 ≤ x ≤ 1, 0 ≤ y ≤ 1.
Shapes of the functions x2 y 2 BζY (1, x, y) and x2 y 2 B̃ζ (1, x, y) are depicted in g. 2. All
functions in the gure are normalized to have value 1 in the equilateral limit, x = y = 1.
Our model with the additional degree of freedom allows for a wider range of dierent
shapes of the bispectrum than the solid ination. The overall bispectrum peaks in the
squeezed limit, unless F̃ /FY = (5/6)Nζ−1 c−2
L,c , when it peaks in the equilateral limit
instead.
Following the denition (4) in [51], we nd the non-linearity parameter fNL in the
form
!

 2
19415 1 FY
5
F̃
− Nζ
/ c + c5L,c − 1 pc .
(47)
fNL = c
2
13122 cL,c F
18 F
14

Fig. 2: Shapes of the scalar bispectrum. Flat triangles represent the zero plane.
We can see that if  − p ∼  ∼ p, the non-linearity parameter is of the order fNL ∼
−1
(FY /F )c−2
L  , the same as for the solid ination without the scalar eld, or fNL ∼
−3
Nζ (F̃ /F )−1 . Supposing that c5L ∼  we have fNL ∼ (FY /F )c−2
or fNL ∼ Nζ (F̃ /F )−3
L 

if  − p is of the order 2 . The condition  − p . 2 leading to an amplication of the
non-linearity parameter can be rewritten as q  p, which means that the contribution
of the solid matter to the overall stress-energy tensor is negligible in comparison to the
contribution of the scalar eld.
In our model the tensor bispectrum computed in the leading order of the slow-roll
approximation does not dier from the tensor bispectrum in solid ination. It is aected
by presence of the scalar eld only in the higher orders of the slow-roll approximation,
which are not included in our work.
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