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Abstract
This dissertation thesis focuses on increasing of robustness of skeleton extraction based on
iterative Laplacian smoothing and introducing extensions and applications of extracted
skeletons. Original skeleton extraction based on Laplacian smoothing has few drawbacks.
The main drawback is that the method is designed for extraction of skeletons from 2manifold meshes only. Although, the method is well defined and robust in theory, practically it cannot be used. Almost all the models used in practical applications fail to satisfy
the properties of 2-manifoldness. Thus, a generalization of the method for general input
geometry as non-manifold, degenerated mesh or a point cloud is needed. Another drawback is that iterative solving of the linear system is a time consuming step. Therefore,
the goal is to introduce schemas for parallelization of Laplacian-based mesh contraction,
to evaluate these methods and pick the most suitable parallelization schema for skeleton
extraction. Finally, the method has problems with input models with non-convex cross
sections along the skeleton. In this case, skeleton may lie outside of the model volume
and this may cause problems in some applications that require the skeleton to be reliable.
In the case of regions with non-convex cross sections, the goal is to modify the algorithm
to produce sheet-like skeleton structure. Extracted skeleton are mostly used for skinning
animation or shape recognition and retrieval. Another goal is to introduce extensions and
applications of extracted skeletons focusing on mapping between skeletons and surfaces.
The first one is a skeleton-based parameterization of surface called skeleton texture mapping (STM). In this application, the extracted skeleton is used to parameterize complex
surface using piecewise parameterization of skeleton segments using capsules. The second
one is heuristics for matching of skeletons. These heuristics yields into two types of mappings between skeletons. These resulting mappings are defined in this thesis as topological
mapping and segment mapping. Topological mapping maps topological branches of one
skeleton onto topological branches of another skeleton. Segment mapping maps segments
of one skeleton onto segments of another skeleton. Having mapping between two skeletons
and mapping between each skeleton and a surface of the corresponding model, a crossparameterization of two models can be performed. All these skeleton-based extensions
as skeleton texture mapping, skeleton matching and cross-parameterization of surfaces
based on skeletons yield into several direct applications of these methods. These applications concern texture space modification, transfer, creation and interpolation of per vertex
properties.
Keywords: skeleton, skeleton extraction, Laplacian smoothing, skeleton-based parameterization, skeleton texture mapping, skeleton matching, skeleton mapping
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Introduction

Skeleton extraction is a subtopic of geometry processing that has applications under various categories of computer graphics and computer vision. It can be used for mesh deformation, shape analysis and retrieval, modeling or procedural generation of shapes. An
input for skeleton extraction differs from application to application. The input may be a
polygonal mesh, a range scan or a point cloud, an image or video sequence with silhouette
of the object or another representation of 3D shapes. The output skeleton could be a
high-sampled curve-skeleton or low-sampled segment-skeleton. There are many properties
of the algorithm that need to be preserved in different applications, for example the algorithm has to be fully automatic and deterministic, it has to be noise insensitive and detail
preserving without undesired branches and the resulting skeleton should be centered and
reliable. Some algorithms for automatic skeleton extraction do exist, but none of them
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fulfill all of these properties. Therefore, the topic is challenging, since desired inputs,
outputs and properties of the algorithm may change, depending on the application.

2

Problem Definition

In order to perform a skeleton driven deformation or skeleton-based surface parameterization, a suitable skeleton has to be manually constructed or automatically extracted from
the input model. In general, the algorithm has to be able to extract a curve-skeleton from
a non-manifold input mesh. In order to control the deformation by the extracted skeleton, a set of skinning weights has to be well defined for each mesh vertex. These weights
prescribe the influence of the skeleton bones over the surface vertices. Skinning weights
can be set by rigging the skeleton manually into the model, or they can be computed
in an automatic or semi-automatic way. A set of deformed example poses can be used
for an automatic computation of the skinning weights, or they can be computed using
geodesic functions defined on the model surface. Furthermore, a surface mesh deformation can be performed in the image space using displacement textures. This can be used
for sculpting or another shape manipulation applications. However, for the utilization of
a displacement map, a surface parameterization has to be computed in robust way. Such
a parameterization of an arbitrary surface in a robust way is a challenging topic. On the
other hand, the extracted skeleton may serve as a guiding structure to support the parameterization. Moreover, mapping between two arbitrary skeleton can be computed using
graph algorithms. Having this mapping between two skeletons, transformation stored in
skeleton nodes can be transferred from one model to another. Having skeleton mapping
and skeleton-based parameterization of the surface, an arbitrary per-vertex information
stored in vertices can be transferred from one surface to another surface or can be mapped
into a texture, processed in texture space and mapped back to the surface.
Here is a list summing up all the main goals of the thesis:
1. Given an input model, convert the model into a general representation that can be
directly used for skeleton extraction.
2. Implement a robust algorithm for an automatic skeleton extraction. The algorithm
should work with point clouds and non-manifold meshes and should be as fast as
possible.
3. Given a set of scans in different poses, perform detection of joints of the model.
4. Perform parameterization of the model surface using extracted skeleton.
5. Use the parameterization of the surface to extract diffuse textures, displacement
vectors or other surface properties into special type of textures.
6. Find mapping between two arbitrary skeletons using graph algorithms that maps
nodes from one skeleton onto nodes of second skeleton.
7. Use the parameterization from 4. and the mapping from 6. to transfer surface
information from one model to another model.

3

Enhanced Laplacian-based Skeleton Extraction

A method for skeleton extraction based on Laplacian-smoothing consists of two main steps.

3.1

Extraction of Skeleton and Skinning Data for 2-manifold Meshes
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In the first step, an input mesh is iteratively contracted into almost zero volume.
By zero volume mesh a solid of zero volume bounded by the mesh is expressed. The
mesh is contracted by iterative solving of linear system that smooths the mesh using an
approximation of Laplacian. As a side effect, the mesh also shrinks. Iterative repeating
of this step contracts the mesh into almost zero volume.
In the second step, the contracted mesh has to be transformed into a skeleton. In
almost all the existing algorithms for skeleton extraction, a curve-skeleton is desired as
an output. A curve skeleton can be obtained by iterative simplification of the contracted
mesh. An extracted curve skeleton can be converted into an segment-skeleton by further
simplification, while checking for intersection of skeleton segments with surface of the
model. For iterative simplification of the mesh into the curve-skeleton, a modified QEM
algorithm can be used as proposed in Au et al. [ATC+ 08].
Enhancing of skeleton extraction based on Laplacian smoothing has started with my
master’s thesis [Mad10], where a focus is given on some basic problems. These problems are
joining and splitting of model objects during graph conversion and removing dependency
on resolution and a scale factor.
Further aim of the skeleton extraction algorithm deals with two main drawbacks. The
skeleton extraction described in previous section is oriented on an extraction from 2manifold meshes. Although, it is theoretically a correct definition of the algorithm and the
geometry, practically it is useless. Almost all the models used in practical applications fail
to fulfil the properties of 2-manifoldness. Usually, there are some non-manifold vertices
or edges. They are remains of the work of graphic designers or artifacts after format
conversion. Therefore, generalized algorithm for skeleton extraction have to be robust to
such an input. A solution is to use skeleton extraction from point clouds. The input mesh
is then handled as a point cloud, without the vertex connectivity information. The second
drawback is the computation time. An iterative solving of the linear system in [ATC+ 08]
is a time consuming step. The algorithm usually needs 3 to 6 iterations to contract the
mesh completely. Although the final skeleton for low resolution meshes can be computed
in minutes, for high resolution meshes it can takes an hour or two. Therefore, we would
like to parallelize the whole contraction step. The goal is to parallelize the process of
iterative contraction on GPU using OpenCL. Each kernel can compute new contracted
coordinates for each vertex of the input mesh, because the contraction vector is dependent
only on the local neighborhood of the vertex.

3.1

Extraction of Skeleton and Skinning Data for 2-manifold Meshes

Here, the theory and implementation of a simple skeleton extraction algorithm is described that works on 2-manifold meshes. For running our graph algorithms, the input
model is converted into a 3D graph defined by an edge matrix. This connectivity matrix
is in this dissertation thesis called a meshgraph. Then, the meshgraph is contracted using
an iterative Laplacian smoothing. Finally, a skeleton is constructed from the contracted
meshgraph using a mesh simplification algorithm.
Graph Conversion For running our graph algorithms, the input mesh has to be represented as one connected object. The object needs to be converted into a 3D graph, defined
by an edge matrix E. It is quite common that models are composed of more objects. These
objects appear to be connected visually, but edges in the model structure between these
objects are not defined. Also the opposite problem has to be considered. There can be
edges defined in an input mesh which connect parts that should not be connected. These
edges are remains of the work of graphic designers or artifacts after format conversion and
therefore have to be excluded.

3.1

Extraction of Skeleton and Skinning Data for 2-manifold Meshes

3.1.1
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Mesh Contraction

For contraction of the generated meshgraph, a contraction algorithm using Laplacian
smoothing proposed by [ATC+ 08] is used. The algorithm does not alter geometry connectivity (final skeleton curve is homotopic to the original mesh), it is noise sensitive and
it works directly on the mesh geometry (the model does not have to be resampled). The
geometry contraction removes details from the surface by applying Laplacian smoothing.
In each iteration, the meshgraph vertices are contracted by Laplacian smoothing. To
compute new vertex position, the linear system of equations (see Equation (2)) is solved in
least-squares sense by QR decomposition. Some examples of visualized contraction steps
can be seen in Figure 1.

Figure 1: Examples of the mesh contraction of a pig model. (From left to right) Converted
meshgraph, contraction after 1 iteration, 2 iterations, after 3 iterations, the volume is close
to zero.
Laplacian Smoothing Vertex positions are smoothly contracted along their normals
by solving the linear system (Equation (2)). The Laplacian smoothing operator (see
Equation (1)) was introduced by [DMSB99] for surface smoothing. Laplacian smoothing
operator L is n × n square matrix

= cot αij + cot βij if (i, j) ∈ E
 w
Pijk
if i = j
(1)
Lij =
(i,k)∈E −wik

0
otherwise,
where E is the set of edges defined in the previous subsection during the graph conversion
process and αij , βij are the opposite angles corresponding to the edge (i, j).
This operator is applied on n vertices in vector V as a filter. Term LV approximates
curvature flow normals, so solving LV0 = 0 removes normal components of vertices and
contracts the geometry, resulting into a new set of vertices V0 . The Laplacian coordinates

T
LV = δ1T , δ2T , δ3T , . . . , δnT can be referred to as contraction constrains, because they provide the forces to contract the mesh. The term δi is expressed as δi = −4Ai ki ni , where
Ai is the area of adjacent faces surrounding the vertex i, ki is the approximate local mean
curvature and the ni approximate outward normal of vertex i. Thus, for vertices with
the same shape of the surrounding area, the scale of the Laplacian operator coordinate is
proportional to the length of the edges adjacent to the vertex.
System of Linear Equations Unconstrained solving of the linear equation LV0 = 0
contracts the meshgraph into a single point, so the equation is solved in more iterations
with carefully chosen weights which control the contractions. Therefore, the linear system
is defined as




WL L
0
0
V =
,
(2)
WH
WH V
where matrices WL and WH are diagonal weighting matrices which control the contraction
process and V0 are unknown vertex positions that are going to be computed. Weighting
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matrices have to be updated after each iteration to drive the iteration process into a desired
state. By increasing WL,i , the collapsing speed for vertex i is increased and by increasing
WH,i , the attraction weight is increased to attract vertex i to its current position. All the
WL,i are in the next step multiplied by a predefined constant (sL ) and WH,i are updated
in such a way that the attraction weight is multiplied by a ratio of the change of the
area of faces adjacent to the vertex i. If the area of adjacent faces surrounding vertex
i is smaller, the multiplicative term is higher. Thus, the vertex i is more attracted into
its current position and in the next iteration, the geometry is less contracted at the vertex i.
The iterative process converges when the volume is close to zero. After each iteration, the
volume approximation has to be computed. In this implementation, an approximation
algorithm which subdivides the bounding box of the model into an octree structure is
used.
While constructing a new Laplacian operator during the contraction process, it has
to be checked for degenerate faces to avoid any possible numerical errors such as infinity
values or division by zero. If a face is contracted into a zero area, one of the opposite
angles or both angles can be 0◦ or 180◦ . The term Lij contains cotangent functions
of these angles and it can reach infinity values. Such values are unacceptable, because
the linear solver works with floating point arithmetic and such values prevent the solver
to converge successfully. The situation is solved by collapsing such faces into a single
point. This point is afterwards moved into the center of the collapsed face. The collapse
does not alter manifold connectivity and avoids the creation of infinity values during the
construction of the Laplacian operator.
3.1.2

Skeleton Construction

The contracted meshgraph from the last iteration is simplified, very close vertices are
merged and a greedy algorithm is used to select the most important control points. In
this section, already contracted vertices from previous section are used.
Binding Skin Vertices Once the skeleton is extracted, the mesh vertices are bound
to its joints. If a rigid model is attached, the skin is supposed to be inflexible. Therefore,
mesh vertex is anchored to one of the nearest control points of the skeleton. Alternatively,
when we animating a character, we want the vertices to transform smoothly. In this case,
mesh vertices have to be anchored to more control points of the skeleton with corresponding weights.
Skinning Weights Skinning indices are computed by finding a set of close control
points Si to each vertex vi . The geodesic distance is used as a distance measure. A distance between each pair of vertices on the meshgraph from an input mesh is calculated
and stored in matrix D. It is calculated using Floyd-Warshall algorithm [CLRS90], before
the meshgraph is contracted. For each control point Ck , the closest mesh graph vertex is
found, for instance vj . Then, the resulting geodesic distance gd(i, k) between the control
point Ck and the mesh vertex vi is computed as
gd(i, k) = D[i, j] + d(Ck , vj ),

(3)

where d(Ck , vj ) is Euclidean distance between the mesh vertex vj and kth control point Ck ,
and D[i, j] is distance between vi and vj on the meshgraph calculated by Floyd-Warshall
algorithm as shown in Figure 2.

3.1
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Figure 2: This figure shows computation of the geodesic distance between the control
point marked with red cross and the mesh vertex (1) on the bottom right. The red path
is the shortest path on the mesh calculated by Floyd-Warshall algorithm and the blue line
is the Euclidean distance between the selected control point and the closest vertex (2) to
this control point on the mesh.
The weights calculated in Equation (4) are partition of unity. The fractions are constructed in a way that weights are indirectly dependent on the geodesic distance as
1
gd(i, k)
,
weight(i, k) = X 
1
gd(i, k 0 )
0

(4)

k ∈ Si

where gd(i, k) is geodesic distance between the mesh vertex vi and kth control point Ck
and Si is the set of control point indices controlling the vertex vi .
This construction guarantees that the closer control points have greater influence over
mesh vertex than the farther ones. The geodesic distance is a real-valued function defined
on the mesh surface. Because the function varies smoothly along the mesh, the resulting
weights are continuously distributed over the mesh regions.
Floyd-Warshall algorithm has time complexity O(n3 ), so it takes quite a long time on
models with higher number of vertices. To optimize that time, a down-sampled mesh can
be used for this computation. For the down-sampling, the previously mentioned QEM
simplification method [GH97] can be used. The down-sampled mesh preserves the mesh
topology (branching, tunnels) and the geodesic distance.
3.1.3

Results of Skeleton Extraction from Mesh

Figure 3: Another example of higher resolution geometry. The extracted skeleton has
sparser nodes at the core parts. This feature can be observed, because many faces at core
parts are contracted into the same region. The points are also moved towards the mesh
boundary of the limbs, because of the shifting of the control points to the center of its
local mesh.
This part of the dissertation thesis was published in [9, 10].

3.2

Skeleton Extraction from Point Clouds

3.2
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Skeleton Extraction from Point Clouds

For skeleton extraction a modified version of Au’s algorithm [ATC+ 08] is used extended
to point clouds in which a construction of local Delaunay triangulations for Laplacian estimation is used. Similar solution was presented in [CTO+ 10], but the authors computed
Euclidean distance between samples for construction of skeleton from the contracted point
cloud. Such a distance grouping runs into problems when the structures in different skeleton branches are closer than point samples in the neighborhood of the vertex. Therefore,
to construct the final skeleton, a simplification of a triangulation instead of Euclidean
distance is used. This triangulation is constructed in natural neighbors [BC02] manner by
composition of local one-ring Delaunay triangulations into the global triangulation.
3.2.1

Composition of Global Triangulation

Given a point cloud set P consisting of n points P = {p1 , p2 , . . . , pn }, a local neighborhood
Li of each vertex pi ∈ P is computed. For each point pi , the closest k-neighborhood Li
is calculated using a kD tree. Similarly as in [CTO+ 10], for each local neighborhood Li a
tangent plane using PCA [Jol02] is computed. Then, all the points in local neighborhood
are projected into the tangent plane and a local Delaunay triangulation Di is computed.
noe(i)
Local Delaunay triangulation is a set of edges Di = {e1i , e2i , . . . , ei
}, where noe(i) is
number of edges of ith local Delaunay triangulation. Finally a global triangulation D is
created as a composition of all the local triangulations as
D=

n
[

noe(i)

{e1i , e2i , . . . , ei

}.

(5)

i=1

Figure 4: An example of global triangulation D composed from local Delaunay triangulations. As an example, one local Delaunay triangulation is highlighted with bold black
line.

Note that the global triangulation D does not have to be 2D-manifold. In this implementation, the parameter k was experimentally set k = n · 0.02 and restricted to range
h8, 12i.
For computation of Laplacian flow on the surface using cotangent schema (Equation
(1)), a local triangulation Di is used for each point pi . Finally, when the point cloud is
contracted, a skeleton is constructed by simplification of global triangulation D. For this
simplification a modified version of QEM algorithm is used [ATC+ 08]. An example of
such a global triangulation can be seen in Figure 4.
3.2.2

Results of Skeleton Extraction from Point Cloud

Some results of extracted skeleton from the scanned point cloud can be seen in Figure 5.

3.3

Proposed Modification using Shape Diameter Function
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Figure 5: A scanning process and skeleton extraction from barbie model. (Top) Image
from scanner camera and the reconstructed point cloud. (Bottom) A global triangulation
constructed from the point cloud with 2 iterations of Laplacian smoothing applied on it
and the final skeleton.

If vertices in different skeleton branches are too close, during the neighborhood search
and the tangent plane construction, the normal information is used as well. Only vertices
with normal deviation lower than predefined threshold from mean normal direction of the
neighborhood are taken into neighborhood. In this implementation, this threshold was
set to 90 degrees. Moreover, as the contraction process progresses it becomes difficult to
find the tangent plane during the contraction process in higher iterations. Therefore, the
local neighborhood Li is constructed before the first iterations. Then, the same neighborhood Li is used for vertex pi in every iteration. This can be done, because the vertex
connectivity do not change during the contraction.
This part of the dissertation thesis was published in [3, 4].

3.3

Proposed Modification using Shape Diameter Function

The SDF is a scalar function defined on the mesh surface, however it expresses a measure
of the diameter of the object’s volume in the neighborhood of each point on the surface
[SSCO08]. This measure relates to the medial axis transform (MAT) [CCM97].
3.3.1

Extraction of Skeleton-sheets using SDF

In order to parameterize a mesh using skeleton for skeleton texture mapping (STM)
[Mv13b], the skeleton reliability has to be guaranteed. Reliability refers to the property of the curve-skeleton that every boundary point (point on the object’s surface) is
visible from at least one skeleton location [CSM07]. In majority of cases, the mesh can
be parameterize by curve-skeleton but not in general. In some cases, the skeleton has
to contain sheets, similarly to (MAT). Mesh contraction method for skeleton extraction
[ATC+ 08] has been extended with SDF centering term




WL L
0
 WH  V 0 =  WH V  ,
(6)
WC
WC C
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Figure 6: (Left) Half vectors showing vector from vertex position to center points as
described in Equation (7). (Right) Meshgraph colored using SDF values. Red-to-blue
visualize high-to-low SDF values.
where the matrix C are vertices shifted by half of SDF values in the inward normal direction
(see Figure 6)
ci = vi − (SDF i /2) · ni ,
(7)
where vi , ni , SDF i are position of vertex i, normal at vertex i and SDF value at vertex
i, respectively.
Shifting the vertices by half of the SDF values in inward normal direction, creates an
offset surface inside the volume of the model. In that case, the SDF is an offset function
prescribing the offset distance. During the contraction process, vertices are pushed towards
this offset surface. The results from the extension using SDF can be seen in Figure 7.

Figure 7: Laplacian-based contraction with SDF term applied on C-shape and S-shape
models with non-convex cross section. The SDF term drives the contraction to create a
sheet inside the volume.

3.3.2

Modification of Contraction Parameters based on SDF

In the original Laplacian-based skeleton extraction method [ATC+ 08], the weighting matrices WL and WH are updated in each iteration. The WL,i is multiplied each iteration by
a constant and WH,i is multiplied by a change ratio of the area of adjacent faces to vertex
i. Therefore, the speed of the Laplacian changes due to the change of surface area in local

3.3
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neighborhood of a given vertex. The method does not take into account the volume differences of the model and therefore it tends to fail contract meshes with high differences of
local diameter. Therefore, the SDF was plugged into this process. The function evaluates
diameter of the mesh locally and can be used for updating of weighting matrices based in
SDF and setting of grouping distance locally.
Updating of Grouping Distance using SDF During the simplification of the meshgraph, another condition is added when half edge collapse is applied on the edge. This
condition is satisfied, if the Euclidean distance between two nodes is less than distance
threshold dti . The distance threshold for each node is computed as
dti = ggt · diag + (SDF i /2) · gmt,

(8)

where ggt is a global grouping tolerance term, SDF i is the SDF value for vertex i, gmt
is global multiplication term and diag is a diagonal of the model’s bounding box. We
obtained the best results with values set to ggt = 0.05 and gmt = 1.25. These parameters
enable to collapse all the uncontracted parts of the meshgraph while the contracted parts
of the meshgraph remain unchanged (see Figure 8).

(a)

(b)

(c)

(d)

Figure 8: Examples of contraction, when grouping distance is locally changed using SDF.
(a) Contraction of mesh when the volume is too big for skeleton extraction, (b) using
lower global grouping distance, (c) using higher global grouping distance, (d) using local
grouping distance based on SDF.

Updating of Contraction Weights using SDF During the iterative contraction process, the weight WHi is changed after each iteration using SDF. These weights WHi are
scaled according to normalized SDF value SDF norm
q i . First, WH,i is updated according
t+1
0
to surface change of one ring area as WH,i
= WH,i
A0i /Ati , where A0i and Ati are the original and current areas of adjacent faces for vertex i, respectively. Then, the SDF values
are normalized to interval h0, 1i as

SDF normi = (SDFi − minSDF )/(maxSDF − minSDF ),

(9)
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where minSDF and maxSDF are the minimal and the maximal SDF values respectively.
Afterwards, WH,i is changed according to the volume change using SDF as
WH,i = WH,i /(SDF normi · (1.0 − bias) + bias),

(10)

where bias is an offset value because we want to evade division by zero. The bias was set to
0.01 in the tests, which produces high WH,i values for SDF normi = 0, while evading division by zero. Using this modification, already contracted parts with low SDF values do not
contract and uncontracted parts with high SDF values contract in next iteration. When
using modification of contraction weights based on SDF, the algorithm is able to preserve
small-scale details in case, when thickness of the model changes rapidly (see Figure 11(b)).
Using original Laplacian-based contraction, these details were lost while contracting the
thick parts of the model. Although the original approach changes the contraction weights
based on changes of area in one ring neighborhood of each vertex, the approach was not
flexible enough to preserve this small-scale details. The results from the modification of
weights are shown are shown in Figure 9 and in Figure 10. The difference between the
original approach and this modification based on SDF can be seen in Figure 11.

Figure 9: Contraction using SDF weights: panda front view.

Figure 10: Contraction using SDF weights: panda side view.

This part of the dissertation thesis was published in [2].

4

Induced Surface Parameterization and Skeleton Mapping

This chapter focuses on parameterization of surface and mapping of skeletons. Both these
induce applications use extracted skeleton by the method described in previous chapter.

4.1

Skeleton-based Parameterization of Surface

The core idea behind this surface parameterization technique is called skeleton texture
mapping (STM). The technique is based on parameterizing the input mesh by its own
skeleton. As mentioned before, a mapping between the skeleton nodes and the mesh vertices is stored during the skeleton extraction. Then, mesh geometry around each segment
is parameterized by a capsule surrounding the segment. Each capsule is unwrapped into

4.1

Skeleton-based Parameterization of Surface

(a)
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(b)

Figure 11: Difference of small-scale details as hands, ears and tail. (a) Original method
without SDF term. (b) Proposed modification of the contraction using SDF term.
a rectangle using cylindrical coordinates and sphere coordinates on the caps. Finally, a
global texture coordinates are computed by packing rectangles into a final squared texture. This packing problem is called a 2-dimensional distributor’s pallet loading problem
[BLM12] and can be approximated on various levels of precision [CH07, MD08]. This
technique is based on two interlocking mappings. The first one maps surface vertices
onto a computed skeleton and the second one maps the surrounding area of each skeleton
segment into a rectangle with size based on the surface properties around the segment.
Furthermore, these rectangles are packed into a squared texture called skeleton texture
map (STm) by approximately solving a palette loading problem. The technique enables
the mapping of a texture onto the surface without necessity to store texture coordinates
with the model data and it is also suitable for surfaces with a topology non-homotopic
to a sphere with higher order genus and unlimited structure branching. Whole method is
proposed on a theoretical level such as mapping equation and packing algorithm. Finally,
some practical results of the method concerning texture remapping are shown. The idea
of skeleton texture mapping was also published in my Rigorous Thesis [Mad12].

Figure 12: (From left to right) The method takes an input model and computes a skeleton
using an iterative Laplacian smoothing. Then, using an association between each skeleton
segment and vertices around it the method maps each skeleton segment into rectangular
textures. Finally, the method computes a global surface to texture mapping by packing
the rectangular textures into a final texture.

4.1

Skeleton-based Parameterization of Surface

4.1.1
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Packing Problem

Given the skeleton segments and geometry associated with the segments, triangles from
each segment are mapped into a rectangular texture and all these rectangles are packed into
one final square texture. A rectangular texture with higher priority needs better storing
of details, hence it will be stored in a bigger area than a rectangle with lower priority.
Determining the relative size ratio between the rectangles, the storing of these rectangles
can be formulated as a 2-dimensional distributor’s pallet loading problem [EGBM10] of
storing N rectangles with size (RiW , RiH ) into a unit square.
The problem of finding an optimal packing is a special instance of an NP-hard problem:
containment and minimum enclosure [ZMT05]. The general packing problem is known to
be NP-hard [Mil99]. Considering packing the rectangles, the problem is still NP-hard,
however there are some good heuristic approximations [MFNK95] and [SSGH01].
For this case, a simpler heuristic inspired by packing of light maps into global texture
is used. The sum of the area they cover is maximized as
arg max
s

N
−1
X

s2 RiW RiH ≤ 1,

(11)

i=0

while scale them by a global constant s ∈ R+ . A binary search is used to find the correct
scaling ratio s to fit the rectangles. The placing of the rectangles is done using a kD tree
and a recursive fitting (Figure 13). All the configurations for assigned s are explored and
if there is an acceptable configuration, s is increased and the fitting is iterated again. If
there is no next acceptable configuration, the last one is taken as the solution.
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Figure 13: Remapped rectangular textures are packed into (a) the squared texture using
(b) the kD tree.

4.1.2

Segment Mapping

A capsule around each skeleton segment is mapped into a rectangle, the central part uses
cylindrical coordinates and two ends use the mapping of spherical caps as shown in Figure
14. Furthermore, the relative texture coordinates are computed as
ϕ
h
2π
 

θ1

d
1
−
t<0

π/2

d + t (w
v =
 − 2d)  t ∈ h0, 1i


 w + d θ1 − 1
t > 1.
π/2

u =

(12)

(13)

For each skeleton segment, priority weights are computed from the surface area ratio and
the segment length, which are used to determine the size of the rectangle and the cap. In
addition, when storing texture of the segment caps, the cap triangles must have at least
one vertex that does not lie on a circle with other two vertices. Such a triangle has all
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three angles θ = 0 and it is rendered into STm as a line. To overcome this problem, such
a special case can be detected and additional rectangle with different transformation can
be used to encode these cap triangles. For example the same spherical projection with
rotated bases or an orthogonal projection can be used.
θ1

φ
t=1

d

t=0

h

θ2
w

Figure 14: Capsule parameterization along a skeleton segment between two nodes. Texture
coordinates are computed from the rectangle and cap size and the pairs of angles θi , ϕ.

4.1.3

Results

Here, some of the applications of skeleton texture mapping method are presented. To
prove topological and geometrical robustness, the proposed STM remapping is applied on
primitives with different geometrical and topological properties. The comparison of panda
model textured with original texture and STM can be seen in Figure 15. An extracted
STm and comparison of the bottle model textured with original texture and remapped
texture onto the model surface using proposed STM with enlarged areas with text can be
seen in Figure 16.
Computation Time The time was measured on an AMD Phenom II X4 3.41GHz with
4GB RAM, using a single thread implementation for the calculations. As can be seen, the
most time consuming parts of the implementation is solving the linear system (contracting
the mesh). The linear system is solved here using the CPU method. Using the parallelized
ViennaCL implementation of solver the solving of the system is faster (see section 4.4).
Model
Ypsilon
Donut
Octopus
Triple-torus
Crossed cylinders

#vertices
480
1728
1842
2256
3660

t1
<0.1
<0.1
1.1
0.1
0.1

t2
<0.1
8.4
14.2
16.5
73.5

t3
<0.1
1.6
1.3
4.8
7.0

t4
0.2
0.4
1.0
0.3
0.5

t5
2.1
2.1
2.6
2.4
3.6

Total
2.6
12.6
20.2
24.1
84.7

Table 1: Columns t1 , t2 , t3 , t4 and t5 show the running time (in seconds) of the meshgraph conversion, mesh contraction, skeleton construction, solving the packing problem
and skeleton texture composing respectively. Note that the mesh contraction t2 is the
most time consuming step.
This part of the dissertation thesis was published in [6, 7, 8].

4.2

Skeleton-based Matching

Skeleton-based matching looks for the best mapping from topological branches of one
skeleton to topological branches of another skeleton. In the preprocessing step, for all
topological branches the whole skeleton path is collapsed into a single segment (see Figure
18). By removing the connection nodes, the original information is lost. To rectify this,
the edges of the input skeleton are extended such that they contain data that help during
the matching phase. Currently, the length of the removed path and the number of nodes

4.2

Skeleton-based Matching

17

Figure 15: Top row: original texture of the model, computed skeleton, extracted STm.
Botom row: (Left) textured model with original texture, (Right) model textured using
STM.
that were on the path are stored. In next phase, we are looking for matching between two
skeletons using graph representation. Therefore, the skeletons are converted into graphs
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Figure 16: (From left to right) Extracted STm, model textured using the original texture
and uv coordinates with a zoomed area, model textured using STM approach with a
zoomed area. It can be seen that the edges of the letters are blurred.
with undirected edges. A simple backtracking is used to find all the possible solutions.
Two constraints are imposed to reduce the searching area. The first constraint is that each
newly matched node from the first skeleton must have the same neighbors as corresponding
node in the second skeleton. The second constraint is that a node can only match onto a
node with the same or higher number of neighbors. Two-pass filtering is applied on the
rated solutions. In the first pass, the matching is penalized for unequal number of vertices
on the skeleton path. Solutions are then sorted from best to worst. Then, solutions with
rating within a threshold of tolerance from the best solution are picked. In the second pass,
these solutions are sorted again with different rating which measures Euclidean distance
between matched nodes in skeletons.

Figure 17: (From left to right) Scanning of an articulated figure, input point clouds,
contracted point cloud using Laplacian smoothing, extracted skeletons.

4.2.1

Topological Mapping

A union-skeleton is going to be created from the input set of skeletons. A skeleton with
the lowest number of nodes is picked from the input set and is matched with each other
input skeleton. This way an intersection skeleton contained in each of the input skeletons
is found. Next, the child nodes of each node are reorder so that the matched child nodes
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Figure 18: Collapsing of topological branches into a single segment.
are first and then the unmatched ones. In order to create the union-skeleton, each matched
skeleton is added to intersection skeleton. Next, the union-skeleton is added to each input
skeleton. After that, all skeletons have the same topology and the degrees of freedom
(DoFs) can be extracted.
Detection of Joints When topological mapping is applied, all the matched skeleton
segments are merged into one union-skeleton. The mapping between nodes of unionskeleton and nodes of skeletons from which the union-skeleton was created is stored. Then,
for every union-skeleton node, the change in rotation among all the skeleton poses is
measured. The nodes where rotation changes are higher than the predefined threshold are
detected as joints. Finally, a skeleton symmetry is used to detect joints in symmetrical
body parts of the model. A visualization of the detection of joints can be seen in Figure
19).

Figure 19: A union-skeleton is composed from all the skeletons. Next, the nodes where
the rotation changes are higher than the predefined threshold are detected as joints (red
nodes).

4.2.2

Segment Mapping

Having matched the skeletons, it is looped through all matched pairs of the edges of both
skeletons. First, the previously collapsed nodes are reintroduced into each edge. Nodes
are ordered naturally along the edge, matched parent node is the first node, matched child
node is the last node and reintroduced nodes have ascending ordered by their distance to
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parent node. Next, the length of each edge is normalized so that the distance between
the first and the last node of each edge equals to 1. This can be seen in Figure 20, blue
nodes correspond to skeleton from which is being matched and green nodes correspond to
skeleton to which is being matched. Smaller newly inserted nodes are distributed along
the normalized edge. Each newly inserted node position defines a threshold up to which
all nodes from matched skeleton correspond to it. In Figure 20, thresholds generated by
inserted nodes are marked with cyan lines along the edge. These thresholds split the
matched edge into segments. Each segment and its nodes are then mapped onto the node
that generated the segment.

Figure 20: Mapping of upper path node to nodes in lower path.
Given the mapping of bones from the source skeleton to the target skeleton, the animation
is transferred using quaternions for the rotation transformation. For the transfer, source
skeleton needs to have preset animation using key frames and rotation quaternions. During
process of the transfer, firstly these key frame poses and respective bone rotations in source
skeleton are identified. Afterwards, target skeleton bones are set to rest rotations as they
are without any animation in source skeleton. This is accomplished with target skeleton
breadth-first graph search. In each joint, the target bone is rotated by an angle that is
between the bone and mapped bone in source skeleton. Rotation axis is the cross product
of these vectors to avoid rotations around bone axis.
Transfer of Information Stored in Vertices During the animation transfer process,
skinning weights have to be transferred. If the animation skeletons of both models are
reliable [CSM07] a skeleton texture mapping (STM) [Mv13b] technique can be used. Reliability refers to the property of the skeleton that every boundary point (point on objects
surface) is visible from at least one curve-skeleton location. In both skeletons, each skeleton segment is used for skeleton-based parameterization of surrounding model surface (see
Figure 21). Thus, STM is used to get texture coordinates for model vertices and skinning
weights can be written into texture. In the tests, four skeleton segments are used to control
one vertex. Therefore, skinning weights could be stored in one texture in RGBA channels
for whole model. In case when more bones are influencing vertices, higher number of textures have to be used. In the first step, skinning weights from the input model are stored in
STm. The STm is composed of rectangular sub-textures for each skeleton segment. Now,
having the segment mapping, the position of each sub-texture in the STm is known for the
second output model. Each sub-texture is linearly stretched to fit destination dimensions
and texels are copied. In a case, when one segment is mapped onto more segments, the
sub-texture is split according to the relative length of these segments. Vice-verse, when
more segments are mapped onto one segment, sub-textures are composed to produce one
connected sub-texture.
There are two ways how to transfer the weights. The first option is to use one STm for
one bone. In this case, the STm would be a one-channel texture describing influence of this
bone over the mesh surface. This approach is good for visualization. The second option
is to use all the four channels of texture. It can be assumed that each node is controlled
with maximum of four bones, which is number usually used in all real time deformation
engines. Now, there are two sets of STm (see Figure 22). The STmi is going to store
all the indices of bones controlling the vertices. Here, an conversion from integer to float
has to be performed. STmw is going to store all the weights controlling the vertices. If a
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higher number of control bones than four is desired, a higher number of STm has to be
used as well.

Figure 21: (Left) A reference figure with predefined skeleton and per vertex skinning data
as weights and indices. (Right) Triangulation of reference figure rendered into texture
using STM.

Figure 22: (Left) Extracted STm with skinning indices and (right) skinning weights. Some
parts of the sub-textures are black because weight/index stored in alpha channel is high.

Figure 23: Animation transfer from reference motion to scanned figure.
This part of the dissertation thesis was published in [3, 4].
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Tomáš Kovačovský), Spring Conference on Computer Graphics 2014
[4] Skeleton-based Joints Position Detection (Martin Madaras and Michal Piovarči
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