Univerzita Komenského v Bratislave
Fakulta matematiky, fyziky a informatiky

Michal Hojčka

Autoreferát dizertačnej práce
Dynamical models in gene expression

na získanie akademického titulu philosophiae doctor

v odbore doktorandského štúdia:

9.1.9 aplikovaná matematika

Bratislava 23.4.2018

Dizertačná práca bola vypracovaná v dennej forme doktorandského štúdia
na Katedre aplikovanej matematiky a štatistiky Fakulty matematiky, fyziky
a informatiky Univerzity Komenského.

Predkladateľ:

Mgr. Michal Hojčka
Katedra aplikovanej matematiky a štatistiky
Fakulta matematiky, fyziky a informatiky
Univerzita Komenského
Mlynská dolina
842 48, Bratislava 4

Školiteľ:

doc. Mgr. Pavol Bokes, PhD.
Katedra aplikovanej matematiky a štatistiky

Študijný odbor: 9.1.9 aplikovaná matematika, študijný program: aplikovaná
matematika

Predseda odborovej komisie:
prof. RNDr. Daniel Ševčovič, DrSc.
Katedra aplikovanej matematiky a štatistiky
FMFI UK, 842 48 Bratislava

Introduction
According to [36], a gene is defined as a hereditary unit of DNA that is required to
produce a functional product. This process of transforming the information from
a gene to create further gene products is known as gene expression. The essential
part in gene expression as well as in virtually every process on the cellular level
is carried out by proteins, large biomolecular objects consisting mainly from the
amino acids. In most mathematical models concerning gene expression, we focus
on the first and the most important step of gene expression, the transcription. A
special type of proteins, called transcription factors, possesses crucial functionality
in this process as they activate transcription by binding to specific DNA sequences.
The result of transcription is a primary RNA transcript; following the next steps of
gene expression we ultimately obtain a functional protein. For further biological
insight we refer to [28].
Biochemical reactions can be studied using a number of different mathematical formalisms and we can distinguish between the two main approaches. The
first, deterministic, approach exploits deterministic ODE models to describe the dynamics of biochemical reactions. An alternative way to study biological systems is
through stochastic models which consider each reaction as a single random event.
The advantage of this approach is the fact that these models describe the behavior
of the system well also at lower numbers of the involved species, as is the case
for the number of proteins and other species present in the biological processes
inside the cells such as gene expression [12, 48]. Therefore, deterministic modelling of such reactions can be quite inaccurate and we turn instead to stochastic
methods [32]. As they work with discrete number of molecules, they can easily
be simulated through stochastic simulation algorithms, in particular the Gillespie
algorithm [19, 20].
Being a very timely topic, gene expression sparked a new wave of interest in
Markovian models of chemical kinetics, e.g. [44]. In this thesis we present a
simplified model in which we neglect the intermediary processes associated with
mRNA creation and focus solely on protein production. We assume that the protein is produced with a constant rate and that the rate of its decay is proportional to the number of proteins. We study the protein dynamics in presence of
so-called decoy binding sites [52, 31] on the DNA. Our model further takes into account protein binding/unbinding reactions with these binding sites. Similar models have already been studied previously; in particular [18] investigated the model
with protected complexes, i.e. the case when bound proteins were immune to
degradation, showing that the steady-state distribution is Poissonian. Our model
allows bounded proteins to degrade, which introduces additional noise into the
model [5, 7]. For simplicity, we ignore effects of burst-like protein synthesis or
transcriptional auto-regulation [5, 8, 46]. Unfortunately, as is often the case, the
solution of free protein probability distribution cannot be obtained in a closed form.
However, we can employ the fact that biochemical reactions often operate on different timescales [40, 47] to address the issue. History of applying these assumptions
in stochastic modelling is rather new [9], but in recent years were thoroughly investigated in works such as [25, 23, 24]. Particularly, in the context of our model,
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the interactions between the protein and its binding sites occur on a substantially
faster timescale than the production and decay of protein does [2]. Therefore we
can successfully use singular perturbation methods [9, 38, 39] to obtain the quasisteady-state solution to our problem.

Goals of the Thesis
In the first chapter we summarise all the useful definitions from the fields of probability and differential equations, which we use in later parts of the thesis. In
chapter two we focus on the theory regarding deterministic and stochastic modelling of biochemical reactions together with a couple of illustrative examples in
order to provide an introduction into the topic. We also present a concept of the
Master equation. We would like to address a common problem in the field, which
is the inability to solve the Master equation for all but very simple cases. In the
third chapter we present a simplified non-bursting model motivated by the gene
expression in which we consider protein creation/degradation and the interaction
with the decoy binding sites. Our goal is to employ different techniques in order
to obtain the solution for the free protein distribution (or some reasonable approximation). We would like to study the Fano factor and the difference of the obtained
distribution from the Poisson distribution. In the fourth chapter we aim to obtain
the Fano factor in a closed form for the large-system-size case. In the last chapter
we study another model also associated with gene expression, which considers the
interactions between mRNA and microRNA molecules and the silencing effect on
the population of mRNA. We aim to utilize similar techniques as for the previous
model in order to derive the distribution of mRNA and the associated Fano factor.

Results for a gene expression model in the presence
of decoy binding sites
We describe the system of chemical reactions motivated by the gene expression in
which we focus just on the level of protein in the system and the interactions with
the decoy binding sites. We are taking into account simplified, non-bursting, regime
of protein production.
We introduce the following variables in our system:
X - total protein,
Xf - free protein,
Y - all binding sites,
Yf - free binding sites,
C - complex (protein bound to the binding site),
and we assume that three reversible reactions can take place:
1) Protein production/decay.
k

*
∅−
)
− Xf
γ
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2) Protein binding/unbinding reaction.
k+

−*
Xf + Yf )
−C
k−

3) Decay of the complex (a free binding site is vacated).
γ

C→
− Yf
In order to avoid confusion with X , we use N instead of Xf as the number of free
protein.
Our main goal is to investigate the distributions of free and total protein in the
system. In the beginning we write down the associated Master equation. Then we
focus on the distribution of total protein. Using the method of generating functions
we transform Master equation into partial differential equation which we solve
and obtain solution in the form of the Poisson distribution with the mean hX i =
k
· (1 − e−γt ). The main part consists of performing singular perturbation reduction
γ
to obtain quasi-steady-state solution for the free protein distribution. We prove
the correctness of the solution by mathematical induction. The formula for the
probability distribution of the free protein reads
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(1)
where PX is the probability for total protein amount which follows the Poisson
distribution with mean γk . Probability PN when Y = 0 follows the same distribution.
We also derive results for large values of Y which yields an approximated Poisson
distribution with a different mean:
hN i = V ar(N ) =

kb hX i
.
kb + Y

We use the quasi-steady-state solution to investigate the statistical characteristics of
obtained distribution.
Then we introduce and compare three different ways how to obtain the number
of free protein using numerical simulations:
1) Using Gillespie algorithm. In this case we simulate each reaction as it really
happens through time.
2) Using explicit formula for free protein count in quasi-steady state (calculated
earlier in the thesis). In this case we assume that k−  γ in order to justify
the approximation.
3) Solving the system of ODEs given by the Master equation. As the problem
contains infinite number of equations, we have to set maximal value of the
number of all protein at which the system is truncated.
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We report very good agreement between the distributions and thus we justify using quasi-steady-state solution as a very good approximation for the free protein
distribution.
In the next chapter we try to further simplify the distribution of free protein
species and its Fano factor for some reasonable specific case; we aim to obtain a
closed-form formula for statistical moments. In order to do that we perform an
expansion of the Master equation in a linear-noise scenario in the similar manner
as presented in Chapter X in [49]. We focus on the limit case when the size Ω of
the system is large enough (Ω  1) and we identify the system size Ω with the
dissociation constant kb = k− /k+ in our model. This is a standard approach and it
guarantee that the binding and unbinding reaction rates are of the same order. We
divide this procedure into three main stages. First we derive deterministic mean of
the examined variables, which has a single non-negative solution, which we refer
to as n̄, ȳf , c̄, and has the form
p
x + y + 1 − x2 + y 2 + 1 + 2x + 2y − 2xy
,
c̄(x, y) =
2
(2)
n̄(x, y) = x − c̄,
ȳf (x, y) = y − c̄.
Secondly we include noise from binding/unbinding reactions and finally we add
noise from total protein number fluctuation. The main challenge here is to combine
these individual results here in a correct way. In the end we obtain the formula for
the Fano factor in the form
F =1+

n̄ȳf (1 + n̄)
.
(1 + n̄ + ȳf )2

We also justify our results by comparing them to formulae from quasi-steadystate results using numerical simulations. We report a very good fit between quasisteady-state solution for large Ω and approximated large-system-size results. We
confirm that the Fano factor is greater than one for the intermediate levels of binding sites in contrast with Poissonian character (the Fano factor equals one) for no
binding sites or their excess as presented on Figure 0.1.
These results were also published in [21].
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Figure 0.1: Fano factor for large system size with y/hxi as an independent variable.

Results for mRNA – microRNA system
A microRNA is a small, non-coding RNA and contains about 22 nucleotides (abbreviated form miRNA is sometimes used instead of microRNA). It can be found mainly
in some viruses, plants and animals. MicroRNA was discovered for the first time in
1993 on the lin−4 gene, which was repressing another, lin−14 gene [30, 51]. This
process of gene repression is a member of broad class known as RNA silencing.
In our model, we consider two reactants in the system: X (mRNA) and Y (microRNA). They are subject to two slow reactions
κ
∅ GGGGGA X + Y,

1
X GGGGGA ∅,

and three fast reactions
αq
ε

X + Y GGGGGGA Y,

α(1−q)
ε

X + Y GGGGGGGGGGA ∅,

1
ε

Y GGGGGA ∅.

We formulate the Master equation, and use generating functions to transform the
Master equation into a partial differential equation of the second order. In a specific
parametric regime, this partial differential is reduced to an ordinary differential
equation, which is solved using the hypergeometric functions. This solution is used
to construct non-trivial approximations to the probability mass function in the form
M

κq
1
δN ,0 ακ
0 F1 κq + α + 1 + M , − α
 ×
 + O(ε).
PM ,N =
1
κ
M ! κq + α1 + 1 M
0 F1 κq + α + 1, α (1 − q)
We calculate the factorial moments of the distribution as


κ M
1
κ
0 F1 κq + α + 1 + M , α (1 − q)
α
 ×
 + O(ε).
µ(M ) =
1
κ
κq + α1 + 1 M
0 F1 κq + α + 1, α (1 − q)
The Fano factor can be expressed in terms of the first two factorial moments as
µ(2)
F=1+
− µ(1) .
(3)
µ(1)
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Figure 0.2: Fano Factor of X as a function of the interaction strength with Y.

Finally, we compare our results with stochastic simulations (using Gillespie algorithm) and discuss the numerical observations. We report good fit between stochastic simulation results and our approximated solution. Here we display the Fano
factor for different choice of parameters on Figure 0.2. These results (Chapter 5 in
the thesis) are a part of article [6], which is currently submitted for publication.

Summary
We introduced a simplified gene expression model in the presence of (decoy) binding sites. We presented its Master equation, which does not have closed-form solution. We derived the distribution of total protein and then we employed singularperturbation reduction techniques to obtain a quasi-steady-state approximation.
Using this approximation we were able to obtain explicit formula for the free protein distribution. In addition to quasi-steady-state approximation, we introduced
and compared two other methods to obtain free protein distribution. First one was
the stochastic simulation through Gillespie algorithm and the second one numerical solving of the stiff system of ODEs. Comparing with other methods, we justified
the correctness of quasi-steady-state formula. Then we employed this formula to
observe statistical moments for a wide range of input parameters. We focused on
the Fano factor, which yielded substantially different results from Poissonian case.
Then we extended our model with the assumption of large system size, using the
dissociation constant as its measure. With linear noise approximation we obtained
simple expression for the Fano factor of free protein distribution. With the help of
numerical simulation we showed the consistency with results from previous chapter. In the final chapter we applied similar methods on mRNA – microRNA system
of reactions. We obtained explicit formula for mRNA distribution and compared
it with numerical simulations. Finally we studied the distribution for many input
parameters and demonstrated the differences between the calculated Fano factor
8

and the benchmark Poissonian case. Although we applied our methodologies on
relatively simple models, we expect that it can be helpful to employ analogous approaches in other stochastic models of gene expression or more general biological
systems.
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