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Reconstruction of fast Taylor bubble shapes
This section is based on our work presented at the 17th Multiphase Flow Conference &

Short Course, Dresden, 2019 [1]. Flows of aerated liquid in the vertical pipe attract wide
interest of researchers in both scientific and technical applications. A common pattern occurring in such flows are the Taylor bubbles – elongated bullet-shaped bubbles. The movement
of the Taylor bubbles in the stagnant water and upward flow is well described by the Nicklin
relation [2]. The Taylor bubble velocity vb in the liquid flowing with the velocity vL was
determined in the study of Nicklin et al. [2] to be:
v b = C0 v L + v D ,

(1.1)

where C0 is the constant typically considered 1.2 for laminar and 2 for the turbulent flow
[3]. Velocity vD is the bubble rise velocity in the stagnant water and satisfy the relation
√
vD = k gD, where g is the gravitational acceleration, D is the pipe diameter. Constant k
was specified to be 0.33–0.36 ([2], [4], [5]).
The situation is different in the downward liquid flow. Linear stability of the symmetrical
bubble shape in the downward flow was investigate in [6], where they found that the bubble
√
shape became unstable for the downward flow velocity lower than −0.13 gD.
Recently two experimental studies [3] and [7] systematically investigated the fast asymmetric elongated bubbles present in the downward fluid flow. Both studies observed stable
asymmetric mode occuring for the flow velocities below the critical value predicted in [6].
The aim of the present study is to experimentally investigate the shape of the asymmetric
elongated bubble observed in [7].

1.1

Experimental facility and procedure

Measurements conducted in [7] showed that axisymmetric Taylor bubbles, under the
presence of the sufficiently large downward flow, transit to the steady asymmetric mode.
In the presented work we experimentally examine the shapes of these elongated asymmetric
bubbles. Water is pumped from the bottom reservoir to the upper reservoir and flows down
through the vertical Perspex pipe against the rising bubble. The internal radius of the pipe
is Rp = 22 mm and the length of the pipe is 6 m. The flow rate is determined by three
Fischer-Porter rotameters with the maximum flow rates 3.80 l/min (0.228 m3 /h), 22.9 l/min
(1.376 m3 /h), and 66 l/min (4 m3 /h) and an accuracy 1.6% of their full scale. Mean downward
flow rates in the conducted experiments were below 0.5 m s−1 . To avoid the deformation of
an image due to the cylindrical shape of the pipe, part of the pipe in the measurement section
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Figure 1: (a) Sample image of the empty tube crossed by the laser sheet in the front view.
Sample images of the bubble in (b) the symmetric and (c) the asymmetric modes in the side
view.

is enclosed in a transparent plastic box. The space between the box walls and the pipe is
filled with the water. Individual bubbles were injected from the air chamber, where the air
is pressurised. Injection is controlled by the computer connected to the injection valve. The
length of the investigated bubbles is up to 30 cm.
To reconstruct the bubble shape, we use the laser beam transformed to the laser sheet
using the line generator. The tube is crossed by the laser sheet as shown in Figure 1a). We
also take snapshots of the bubble from the side (see Figure 1(b-c)). Such method is simple,
however it does not provide the possibility to reconstruct the shape of the bubble. The frame
rate of the video camera used is 180 fps.

1.2

Results

We have processed the images obtained when the bubble was in the asymmetric mode.
Time laps for the bubble in the asymmetric mode crossing the laser sheet is showed in the
2. So far, we had not been capable of reconstructing the bubble top. At the time when
bubble tip is crossing the laser sheet, there are a lot of reflections in the images and is hard
to determine the bubble edge position precisely. On the other hand the bubble interface is
clear in the middle and the bottom part of the bubble. Our laser measurements revealed
that the cross–section of the bubble in the asymmetric mode is not circular, but there is an
unexpected change in the bubble shape (see Figure 2). Possibly this reflects the profile of the
downward fluid flow, which is strongest on the pipe central axis.
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Figure 2: Bubble crossing the laser sheet in four consecutive frames. In the left column are
depicted the raw images from the high-speed camera. In the right column are depicted the
bubble edges, detected from the images. At the first image, bubble tip is crossing the laser
sheet. At the second and third image we see the depression in the bubble centre. At the last
image, corresponding to the bottom of the bubble, the depression is not present.
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Solidification of a ternary alloy with density change effects
In recent decades, a lot of research was dedicated to investigate the solidification processes

of binary (see e.g. [8], [9]) and multicomponent mixtures. This research is motivated by a
wide spectrum of natural and industrial processes (e.g. [10], [11], [12], [13]).
Worster [14] investigated self-similar model of diffusion-controlled solidification from the
cooled boundary. He presented two models for the solidification of the binary system. One
with the planar solid/liquid interface and second with the mushy zone. Chiareli and Worster
[15] included a partial solute rejection and a flow due to contraction/expansion during phase
change to the model. The flow alter macrosegregation and has an effect on the morphological
stability of the system.
Different self-similar models are the one investigated by Kyselica and Guba [16] and
Kyselica, Guba and Hurban [17]. Both papers investigate solidification of the binary alloy
with a non–plannar interface over the horizontally moving substrate. In the first study solid
and liquid phase are separated by the sharp interface. In the second study authors included
mushy zone to the model.
In this section we address the problem of solidification of the ternary alloy with the planar
interface from a cooled boundary. We focus on the solidification controlled by diffusion of
solute(s) with a different diffusion coefficient of each solute. We have been able to predict
novel regimes of solidification, unique for the ternary alloys solidification. Our model includes
the liquid flux due to contraction/expansion during the phase change. The model is a natural
extension of the model for binary alloys, by Worster and Chiareli [15] to the ternary case.

2.1

Formulation

We consider the solidification of a ternary alloy in the semi-infinite region from the planar
boundary (see Figure 3). The mathematical model is one-dimensional and time-dependent.
Solutes can diffuse in the liquid, but we neglect any mass transfer in the solid phase. Solid
and liquid are separated by the planar interface h = h(t). The temperature of the bottom
boundary, T B and the temperature of the melt T ∞ , at z → ∞ are held constant. The
∞ are held at constant values as well. Along with
concentrations in the melt at z → ∞, C1,2

the authors of the studies [18] and [19] we consider same values of the thermal conductivity
and thermal diffusivity for both the solid and liquid phases.
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Figure 3: Schematic diagram of the ternary system solidifying from a cooled boundary with
a flat solid/liquid interface. The flux in the melt, given by the velocity field u, is determined
by the density ratio ρs /ρl . In the case of ρs < ρl , which is the usual case for the aqueous
solutions, the flux is from the interface. However our model is general and includes also the
cases ρs > ρl and ρs = ρl .
2.1.1

Phase diagram

Solid and liquid phases are in the thermodynamic equilibrium when the phase change
takes place. Temperature at which the melt is in thermodynamic equilibrium with the solid
phase at given solute concentrations is determined by the ternary phase diagram. Cooling
path of the liquid element is located in the one corner of the ternary phase diagram.
Evolution of the liquid element during the solidification process is following. Liquid begins
to cool at temperature T ∞ and concentrations of the solutes C1∞ and C2∞ . It reaches the
solid/liquid interface at T h , C1h and C2h . Concentration of the solutes frozen into the solid,
C1S and C2S remain constant once solidified in and are given by the segregation coefficients.
We note that the liquid element touches the liquidus surface only in one point.
2.1.2

Conservation equations

We formulate the model in terms of differential equations. In the region of the solid phase,
z < h(t), the temperature field is governed by the diffusion equation:
∂2T
∂T
=κ 2.
∂t
∂z

(2.1)

In the liquid region, z > h(t), we have mass transfer due to Brownian diffusion and phase
change driven convection. Hence the solutal and the temperature fields are governed by the

2
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set of the convection–diffusion equations:
∂T
∂2T
∂T
+u
=κ 2,
∂t
∂z
∂z
∂ 2 Ci
∂Ci
∂Ci
+u
= Di
,
∂t
∂z
∂z 2

(2.2)

for i = 1, 2,

(2.3)

where T = T (z, t) and Ci = Ci (z, t) are the temperature and concentration fields respectively
and κ = k/(ρs Cps ) = k/(ρl Cpl ) is thermal diffusivity. The parameters ρs,l are densities of
the solid and the liquid, Cps,l are specific heat of solid and liquid, k is thermal conductivity
and Di are the diffusivities of the dilute solutes. In this model, we assume that all material
parameters are independent on solute concentrations.
The field u(t) in the liquid phase represents a fluid flux from/towards the interface in the
case of expansion/contraction respectively. As a consequence of the mass conservation at the
interface, u(t) is given by:
u = (1 − r)

∂h
,
∂t

(2.4)

where r = ρs /ρl is a density ratio.
Equations (2.1)–(2.3) are subject to the set of boundary conditions prescribed at the
bottom boundary, solid/liquid interface and in the far-liquid region. At the bottom boundary
(z = 0):
T (z, t) = T B .

(2.5)

At the solid/liquid interface (z = h(t)):
liquidus constraint:

T (h, t) ≡ T h ,

Ci (h+ , t) ≡ Cih ,

(2.6)

for i = 1, 2, with
T h = T M − Γ1 C1h − Γ2 C2h ,

energy conservation: ρs Lḣ = k

∂T
∂z

z=h−

−k

(2.7)

∂T
∂z

z=h+

,

(2.8)

where L is the latent heat of solidification and Γ1 , Γ2 > 0 are the liquidus slopes of the
liquidus surface in the ternary phase diagram and T M is the melting temperature of the pure
system.
solute conservation: r(1 − ki )Ci (h+ , t)ḣ = −Di

∂Ci
∂z

z=h+

,

(2.9)

for i = 1, 2 and ki are the segregation coefficients defined as
CiS = ki Cih ,

for i = 1, 2.

(2.10)
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As z → ∞:
T (z, t) → T ∞ ,

Ci (z, t) → Ci∞

(2.11)

for i = 1, 2.

(2.12)

Using the self-similar transformation
η=

z

,

(2.13)

h = 2λ (D1 D2 )1/4 t1/2 ,

(2.14)

2 (D1 D2 )1/4 t1/2

the solutions can be sought in the form:

T (η) = T B + (T h − T B )

T (η) = T ∞ + (T h − T ∞ )

C1 (η) = C1∞ + (C1h − C1∞ )

(η < λ),

erfc(εγ)
,
erfc(εrλ)

(η > λ),

(2.15)

(2.16)

erfc (γ/µ)
,
erfc (rλ/µ)

(η > λ),

(2.17)

erfc (µγ)
,
erfc (µrλ)

(η > λ),

(2.18)

C2 (η) = C2∞ + (C2h − C2∞ )

u = (1 − r)λ

erf(εη)
,
erf(ελ)

(D1 D2 )1/4
,
t1/2

(η > λ),

(2.19)

where we have introduced the variable γ = (r − 1)λ + η.
We substitute solutions (2.14)–(2.19) into the boundary conditions, which yields a set of
nonlinear algebraic equations for the unknown constants λ, Cih :
1
,
1 − (1 − k1 )F (rλ/µ)

(2.20)

1
,
1 − (1 − k2 )F (µrλ)

(2.21)

L
Th − TB
Th − T∞
=
+
,
Cps
G(ελ)
F (εrλ)

(2.22)

C1h = C1∞

C2h = C2∞

where
F (x) =

√

πx exp(x2 )erfc(x),

G(x) =

√

πx exp(x2 )erf(x).

(2.23)
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2.2

Results

2.2.1

Regimes of solidification

To complete solutions (2.14)–(2.19), we need to solve the set of transcendental equations
(2.20)–(2.22) together with the liquidus constraint for constants C1h , C2h , T h and λ. For fixed
control parameters and material parameters, these constants must be obtained numerically.
Qualitative insight into the solidification process can be obtained using the following
asymptotic expansions for the functions F (x) and G(x):
√

for x → 0 :

F (x) ∼

for x → ∞ :

F (x) ∼ 1.

πx,

G(x) ∼ 2x2

(2.24)
(2.25)

According to the values of the thermal and solutal diffusivities typical for the ternary
systems, it is reasonable to investigate equations (2.20)–(2.22) together with the liquidus
constraint in the limit ε → 0. Eight possible scalings of λ with ε can be identified, under the
following assumptions
Γ1 C1∞
= O(1)
L/Cps

Γ2 C2∞
= O(1)
L/Cps

∆TLB
= O(1)
L/Cps

∆TL∞
= O(1).
L/Cps

(2.26)

By inspecting the equation for the position of the solid/liquid interface h(t), limiting cases
can be organized in the following four groups.
(I) κ–controlled growth regimes, in which:
(i) λ = O (1/ε) provided µ = O (1)
(ii) λ = O (1/ε) provided µ = O ε1/2



(iii) λ = O (1/ε) provided µ = O ε−1/2



(II) D1 and D2 –controlled growth regime, in which: λ = O (1) provided µ = O (1)
(III) D1 –controlled growth regime, in which:


(i) λ = O ε−1/2 provided µ = O ε−1/2


(ii) λ = O ε1/2 provided µ = O ε1/2
(IV) D2 –controlled growth regime, in which:


(i) λ = O ε−1/2 provided µ = O ε1/2


(ii) λ = O ε1/2 provided µ = O ε−1/2

2
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For small concentration of both solutes the ternary system with µ = O (1) is expected to

solidify in the same way as a pure melt which corresponds to the regime (I.i). By increasing
far-field solute concentrations Ci∞ (for i = 1, 2), the growth becomes to be controlled by
solutal diffusivities (regime II). We derived a criterion for the associated concentrations which
mark this transitions in the following form.
1
k1
1
Γ1 C1∞
k1
1
Γ1 C1∞
k1
1
Γ1 C1∞
k1
Γ1 C1∞

(I.i) 7→ (II)
(I.ii) 7→ (IV.i)
(IV.i) 7→ (III.ii)
(I.iii) 7→ (III.i)
(III.i) 7→ (IV.ii)

1
= T M − T B.
k2
1
+ Γ2 C2∞ = T M − T B .
k2
+ Γ2 C2∞

+ Γ2 C2∞ = T M − T B .
+ Γ2 C2∞

Γ1 C1∞ + Γ2 C2∞

(2.27)
(2.28)
(2.29)

1
= T M − T B.
k2

1
= T M − T B.
k2

(2.30)
(2.31)

In Figure 4(a-b) we plot lines representing a transition boundaries in the space of far-field
concentrations C1∞ and C2∞ for the given bottom temperature T B . Due to the symmetry
between the regimes (I.iii), (III.i) (IV.ii) and (I.ii), (III.ii) and (IV.i)we did not plot the
diagram for the second group of these regimes. We note that expressions (2.27)–(2.31) are
independent of ε to the leading order.

(a)

(b)

Figure 4: Space of far-field concentrations (C1∞ , C2∞ ) is divided into distinct regimes of solidification in the limit ε → 0. In (a) µ = 1, (b) µ ∼ ε1/2 . The transition lines are plotted according to (2.27)–(2.31). Constants have following values k1,2 = 0.4, Γ1,2 = 0.4 and
T B = −15◦ C.

Area of the regions corresponding to regimes (I.i-ii) in Figure 4 diminishes for k1 small or
k2 small. Regime (III.i) diminishes for k2 = 1 and regime (IV.i) diminishes for k1 = 1.
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Supercooled solidification
This section is based on our work presented as a poster at the 17th Multiphase Flow

Conference & Short Course, Dresden, 2019 [1].

3.1

Dimensional formulation

We consider the solidification of a supercooled melt in a finite domain 0 < z < H.
Initially the whole domain is occupied by the liquid, uniformly supercooled to the temperature
Ti < Tm (see Fig. 5a)), where Tm is the equilibrium melting temperature. We assume
that the solidification is initiated at t = 0. At later times the solid and liquid region are
separated by the planar moving boundary h = h(t) (see Fig. 5b)). We denote Ts (z, t) and
Tl (z, t) the temperature fields in the solid and liquid phases, respectively. We consider fixed
boundary conditions so that Ts (0, t) = Tl (H, t) = Ti . The temperature at the interface is
Th (t) ≡ T (h(t), t). Since there is no solid at t = 0, we set h(0) = 0.

Figure 5: Schematic diagram of the supercooled solidifying system in the finite domain surrounded by the isothermal surroundings at a) initial time t = 0 and b) later time t > 0.
Initially whole system is occupied by the supercooled liquid. At later times solid and liquid
phases are separated by the planar boundary.

Transport of heat is governed by the heat diffusion only in both solid and liquid phases.
∂ 2 Ts
∂Ts
= κs 2
∂t
∂z

∂Tl
∂ 2 Tl
= κl 2 ,
∂t
∂z

and

(3.1)

where κs,l are the heat diffusivities in the solid and liquid phases, respectively. The heat
conservation at the interface is expressed by the Stefan condition
ρLeff ḣ = ks

∂T
∂z

− kl
h−

∂T
∂z

,

(3.2)

h+

where ρ is the density, ks,l are the thermal conductivities in the solid and liquid phases,
respectively, and
Lef f (t) ≡ Lm − (Cpl − Cps ) [Tm − Th (t)]

(3.3)
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is the effective latent heat, dependent on the local degree of supercooling. Here Lm is the
latent heat of equilibrium solidification and Cps,l are the heat capacities of the respective
phases. The effective latent heat represents an approximation of the latent heat of nonequilibrium solidification (see [20], [21], [22]).
As we are not interested in the volume-change effects upon solidification, we set the
densities in both phases to be the same. We note that in case of Cps = Cpl effective latent heat
reduces to the latent heat (Leff = Lm ). Since the supercooled solidification is an exothermic
process, the rate of release of the effective latent heat must always be nonnegative, i.e. Leff ≥ 0
for all times. Consequently, since in real systems Cpl > Cps , there is a maximum allowed
value of the initial supercooling
L
.
Cpl − Cps

∆T ≡ Tm − Ti ≤ ∆Tmax ≡

(3.4)

In deriving the inequality (3.4) we used that ∆T is the maximum value of Tm − Th (t). The
solidification rate is determined by the attachment kinetics. For small supercoolings, such
that ∆T /Tm  1, it is given by the following linear kinetic law
ḣ = G(Tm − Th ),

(3.5)

where G is the kinetic coefficient (see [23]).
Since we have fixed-temperature boundary conditions with Ti < Tm , the only possible
temperature distribution as t → ∞, which would not be consistent with the finite extent of
the liquid. Therefore we can define tf , the time at which the system solidifies completely, as
h(tf ) = H.

(3.6)

The value of tf is part of the solution.

3.2

Dimensionless formulation

The present problem involves two independent set of scales. The length and time scales
determined by the attachment kinetics, respectively, are
`G =

κl
2
G ∆T 2

and

τG =

κl
,
G∆T

(3.7)

The second scaling is the thermal one, given by the finite extent of the region and the
characteristic thermal diffusion time:
`H = H

and

τH =

H2
κl

(3.8)
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Values of the scaling factors are given in Table 1 for water, cooper and salol. We see that
kinetics scaling factors differs by a few orders from the thermal ones. Ratio of the thermal
and the kinetic scaling factors is the following
r
`H
τH
G∆T H
G≡
=
=
.
`G
τG
κl

(3.9)

We call G the dimensionless kinetic coefficient.
Parameter

Water

Copper

Salol

τH /s

7.5 ×104

2.7 ×102

1.0 ×105

τG /s

6.1 ×10−3

2.1 ×10−5

87

ksl

4.0

2.6

1.9

κsl

8.1

4.2

2.6

G

3.5 × 103

3.6 × 103

34

S

16

8

11

Smin

0.5

0.3

0.3

Table 1: Values of temporal scaling coefficients and the dimensionless material parameters for
water, copper and salol. In order to calculate τH , G we set H = 0.1 m for all three materials.
The values of the activation energy, q, for copper and salol are taken from [24] and that for
water from [25]
The inequality 3.4 gives the minimum physical value of Stefan number, Smin such that
Smin ≡
3.2.1

Lm
= 1 − Cpsl .
Cpl ∆Tmax

(3.10)

Comparison of the asymptotic and numerical results

Evolution of the interface temperature and position is depicted in Figure 6. Numerical
results suggest that there are three qualitatively different stages of solidification. During the
initial stage, attachment kinetics dominates. Interface temperature rises quickly to the values
close to the equilibrium melting temperature and the growth is nonlinear in time. After a
transition time system transfer to the quasi-steady stage, where the growth is mostly influenced by the latent heat release. The interface temperature is changing weakly in time and
solid grows linearly in time. In the late stage, when interface approaches the upper boundary of the system, the finite-domain effects dominate. The interface temperature decreases
quickly and the growth rate increases.
We have also obtained numerical results for the time of total freezing by simulating the
freezing process with the interface position initialized at h(t = 0) = 0.01. The results are

3
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shown in Figure 7. The simulation was stopped when the interface position reached the value
h = 0.99. We derived the asymptotic results in the limit of large Stefan number, but we see
that the asymptotic results match the numerical solutions also for S ≈ 10, and therefore
describe well the solidification of the substances such as salol, water and cooper.

(a)

(b)

Figure 6: Evolution of the interface temperature θ(t) and position h(t) in time. Numerical
constants are S = 10, G = 10, Smin = 0, ksl = 1 and Ksl = 1.

(a)

(b)

Figure 7: Time of freezing tf as a function of dimensionless parameter S . Parameters used
to plot numerical results (black curve) are G = 5, Smin = 0, ksl = 1 and Ksl = 1 in both
plots. Asymptotic solutions (red curves) are plotted according to the solutions derived in our
paper.

4
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Conclusions
In this thesis, we introduce three problems involving phase change and flow of multiphase

systems. First is the asymmetric mode of a Taylor bubble moving in the vertical pipe under
against the downward flow, second is a solidification of a ternary alloy in the semi-infinite
domain cooled from the bottom boundary and third is a solidification of supercooled liquids
in a finite domain.
In §1 we have reconstructed the shape of the fast asymmetric elongated air bubbles in
the vertical pipe under the presence of the downward fluid flow. The experiments have been
performed using an experimental facility at the School of Mechanical Engineering of the TelAviv University, developed and desribed by [7] to study the dynamics of Taylor bubbles in
external fluid flows. To produce the fast asymmetric elongated bubbles, the downward fluid
flow has been triggered after the bubble had reached a steady rise in otherwise stagnant fluid.
To justify the precision of our laser method, we have determined a shape which would be
observed if viewed from the side based on the laser measurements. Consequently, we have
compared the shape to that obtained from the side-view image, and found a good agreement.
We have also calculated the volume of the bubbles in the symmetric and asymmetric modes
as a function of the injection time.
Laser measurements reveal that the bubble cross section through the plane perpendicular
to the pipe axis is not concave, but there is a depression in the bubble shape reflecting the
strongest flow in the middle of the pipe. Despite the fact that the velocity of the asymmetric
bubble does not depend on the velocity of downward fluid flow, we have found a dependence
of the bubble shape on the flow velocity. The asymmetric bubble becomes more tapered as
the flow rate increases.
A simple inviscid model to predict the bubble shape has been proposed. Predicted bubble
shapes are in qualitative agreement with our experimental findings.
In §2 we have modeled the solidification of the ternary system cooled from the rigid
boundary in the one dimensional half-space. Flow present in the model is due to the expansion
or shrinkage upon the phase change. Transport of heat is governed by the convection-diffusion
equation. We have derived analytic form of the solutions for the temperature field, two solutal
fields, interface position, and the flow field, up to the four constants, which are determined by
the set of the transcendental system of equation. By analyzing the system of transcendental
equations in the limit of small Lewis numbers we have identified eight asymptotic regimes.
Solidification proceeds in one of these regimes, depending on the material and experimental
parameters. We have also identified the material and experimental parameters for which
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these regimes occur. We have found asymptotic expressions for the amount of each solute
segregated at the interface. It has been shown that the effect of the flow has enhancing or
reducing the effect on the solidification rate, depending on the asymptotic regime in which
the solidification proceeds. In the last part of §2 we have analyzed marginal constitutional
supercooling. Our numerical results have shown that undercooling is stronger influenced by
the slower diffusing solute, rather than the faster diffusing solute.
In §3 we have modeled solidification of one-dimensional supercooled liquid in a finite
domain. Heat transport has been modeled by the diffusion equation in both solid and liquid
phases. Direct numerical simulation of the model reveals different stages of freezing dynamics:
the initial stage dominated by the interfacial attachment kinetics, the intermediate quasi–
equilibrium stage, and the late stage dominated by the finite-domain effects. The case of large
latent heat release upon solidification and small undercooling, which corresponds to the large
Stefan number and is typical to the large variety of materials, has been studied. We have
presented the asymptotic solutions for the total time of freezing, interface position, interface
temperature and maximal interface temperature which system attains during the freezing, in
the limit of large Stefan number. Comparing asymptotic solutions to the numerical results
have shown good agreement with numerical results, even for the realistic values of Stefan
number, similar to the Stefan number typical for Salol.
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