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na źıskanie akademického titulu philosophiae doctor

v odbore doktorandského štúdia:
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1 Introduction

Fluid flow is a very common phenomena in the real world

and therefore the application range of fluid simulation is

very broad. There are high quality and physically realis-

tic simulations on one side while there are simplified and

fast solutions on the other side. Our aim is to simulate

large masses of water. Therefore, in the thesis we improve

the fast and simplified solution and we concentrate on

large-scale simulations. We have chosen smoothed par-

ticle hydrodynamics as the simulation method, which is

a Lagrangian, particle-based simulation method. Using

smoothed particle hydrodynamics we solve Navier-Stokes

equations as well as shallow water equations. Our goal is to

improve the existing methods and overcome the drawbacks

and limitations of the existing methods. In doing so we

improve the shallow water simulation in several ways. We

couple shallow water simulation with 3D fluid simulation

and propose a novel surface reconstruction algorithm.

2 Solving Shallow Water Equations

Using SPH

Instead of the Navier-Stokes equations, a simplified ver-

sion called shallow water equations (SWE) can be used for

describing the fluid motion. The SWE reduce the three-

dimensional problem of fluid motion to two dimensions us-

ing a height-field description. Assuming an incompressible

and inviscid flow the SWE are derived from Navier-Stokes

equations and in Eulerian form can be written as

∂η

∂t
+ v · ∇η = −η∇ · v,

∂v

∂t
+ v · ∇v = −g∇h,

(1)

where t is the time, v is the velocity of the fluid in the

horizontal plane, g is the vertical gravity acceleration, η is

the height of the fluid above ground, and h is the height

of the fluid above zero-level (see Figure 1).

Transforming the SWE equations into Lagrangian form

if the ground depth is not considered we get

Dv

Dt
= −g∇h, (2)

h
η

Figure 1: Depicted fluid height: η is height above ground and h is

height above zero level.

h

xpi
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Figure 2: Example configuration of shallow water SPH particles.

A 1-dimensional case is shown. Particle move only in horizontal

direction. If particles get closer the resulting fluid height increases.

Dh

Dt
= −h∇ · v. (3)

These equation can be solved using SPH as proposed in

[6]. First, the particles from standard SPH, which have a

constant mass, are transformed to 2D particles having a

constant density ρc and a constant volume V = m/ρc. The

particles are moving only in the horizontal direction. If

they get close together the fluid height increases and on the

contrary if they get apart the fluid height decreases. Exam-

ple of such particle configuration can be found in Figure 2.

Analogously to the density in the three-dimensional SPH

solving Navier-Stokes equation the height of the fluid is

determined by the distribution of the particles. Therefore,

the SPH height approximation of the fluid is defined as

〈hi〉 =

N∑
j=0

VjW (xi − xj , h). (4)

With this analogy the approximation of function f at point

x becomes

〈f(x)〉 =

N∑
j=0

Vj
f(xj)

hj
W (x− xj , h). (5)

The derivatives are expressed in a similar fashion. Having

these approximations we can rewrite Equation 2 into〈
Dvi
Dt

〉
= −g

N∑
j=0

Vj∇W (xi − xj , h). (6)

Although the SWE assume an inviscid flow the viscosity

is added to damp and thus stabilize the simulation. To

add the viscosity into the simulation Equation 2 is altered

to
Dv

Dt
= −g∇h+ ν∇2v (7)

and the viscosity term is approximated as〈
Dvvisci

Dt

〉
= ν

N∑
j=0

Vj
vj
hj
∇2W (xi − xj , h). (8)
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3 Proposed Modification of Shal-

low Water SPH

Although a realistic fluid motion can be achieved using

Equations 4, 6, and 8, various problems arise in the sim-

ulation. In the case of shallow water SPH oscillations in

the height field occur. High errors arise from the height

computation near the boundaries because of the particle de-

ficiency. If a part of the particle neighborhood is not filled

with particles the summation is done over less particles

and thus lower fluid heights are gained using Equation 4.

Similar problems might be observed in the simulation of

Navier-Stokes equations where the computation of the den-

sity field is improved by Shepard filter (e.g. by Panizzo [11]

or Akinci et al. [1]). The kernel W 3d
ij used in the computa-

tion of density is normalized and changed to

W̃ 3D
ij =

W 3D
ij∑

j
mj

ρj
W 3D
ij

. (9)

Such solution is easy to implement and greatly improves

the SPH simulation in terms of accuracy. It is widely used

in 3-dimensional SPH simulation and can be exploited in

the shallow water simulation as well. The kernel used in

Equation 4 is changed by applying Shepard filter to

W̃ij =
Wij∑
j
Vj

hj
Wij

. (10)

Similar errors arise in the computation of the gradient.

Unfortunately, the Shepard filter cannot be applied to the

computation of the gradient; instead, an alternative ap-

proach that involves computation and inversion of a matrix

must be used. This approach is not usually considered in

computer graphics because it is computationally expensive

for 3D simulations. Because of the 2D nature of the shallow

water simulation, we were able to use this method with

acceptable computational overhead.

We used a corrected kernel W̄ij in the computation of

Equation 6:

W̄ij = Li∇Wij , (11)

W̄ij = M−1i ∇Wij , (12)

Mi =
∑
j

Vj
hj
∇Wij ⊗

(
pi − pj

)
, (13)

where M is defined using the outer product. The matrix

Figure 3: Comparison of height fields at the same timestep. In

the top image, the height field computed without using the Shepard

filter is shown. In the bottom image, the height field computed using

the Shepard filter is shown. A decrease of the fluid height near the

boundaries and oscillations in the height field can be observed in the

top image.

M is symmetric and can be computed in 3 summations

Mi (1, 1) = −
∑
j

Vj
hj
∇Wij (xi − xj)2 , (14)

Mi (2, 2) = −
∑
j

Vj
hj
∇Wij (yi − yj)2 , (15)

Mi (1, 2) = Mi (2, 1) = −
∑
j

Vj
hj
∇Wij (xi − xj) (yi − yj) .

(16)

Note that matrix Li is the identity matrix except for

the locations where particle i is near a boundary or in areas

with irregular sampling. Thus, the correction is applied

only in such cases.

Because M is 2 × 2 matrix the inverse can be simply

computed as:

Li =M−1i = det(Mi)

(
Mi (2, 2) −Mi (1, 2)

−Mi (2, 1) Mi (1, 1)

)
Li =

1

Mi (1, 1)Mi (2, 2)−Mi (1, 2)Mi (2, 1)(
Mi (2, 2) −Mi (1, 2)

−Mi (2, 1) Mi (1, 1)

) (17)
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4 Proposed Boundary Handling for

Shallow Water SPH

Boundary handling is a crucial part of the fluid simulation.

To get a realistic fluid motion boundaries have to be taken

into account. Boundaries in the real world have often

very complex and irregular shape. If we consider a 3-

dimensional fluid simulation, the problem is well studied in

the literature. In the area of shallow water SPH simulation,

little attention has been paid to solve this problem. In

[13], repulsion forces were used to handle solid boundaries.

Although the repulsion forces depend on the distance from

the boundary, the fact that the pressure forces in the

fluid depend on the fluid height is not considered. The

pressure forces linearly depend on the fluid height. In

order to prevent that the particles cross the boundaries

we need to counteract the pressure forces in the fluid.

Another problem of the repulsion forces is its computational

expensiveness. Complex boundary shapes are difficult a

expensive to handle using repulsion forces.

A method sampling boundaries by particles was pro-

posed in [17]. Virtual particles were generated along bound-

aries and used in the SPH summation. Virtual particles

were generated every timestep which is computationally

expensive. This makes it unsuitable for our use because

we aim for fast simulation. Instead we combine terrain

forces with boundary particles which are generated before

the start of the simulation or when a resampling is needed

because of the changed shape of the boundary.

To compute realistic fluid motion, the terrain under-

neath the fluid has to be taken into account. To do this,

we incorporate the terrain height H into Equation 6 and

obtain

fpi = −g∇ (hi +Hi) . (18)

Using the formulation from Equation 18, we can express

the terrain forces that act on a single particle as

fpi = −g∇hi − g∇Hi = fpressurei + fterraini , (19)

fterraini = −g∇Hi. (20)

To evaluate fterraini , we represent the terrain by a height

map and compute the gradient using forward differences.

The terrain height and computed gradient are then inter-

polated to the particles.

Very large forces may arise from Eq. 20 for a particle

i that is close to steep terrain slopes. To handle steep

or vertical boundaries, we sample the boundaries with

particles and use them in the computation of the pressure

forces. An example configuration that includes the sampled

vertical boundary is illustrated in Figure 4. To handle

the boundary conditions, a force fterraini is applied to the

particle pi, while no terrain force is applied to particle pj .

f terrain
i

pi
pjpb

Figure 4: Terrain forces acting on the particle pi. The fluid particles

are depicted in black, and the boundary particle is depicted in red.

In case of particle pi, only terrain forces fterraini are applied on the

particle. In case of particle pj , particle pb is used to compute the

boundary force and no terrain force is applied.

The boundary particle pb is used in the force computation,

Equation 21, instead. The summation from Equation 6

is changed by the introduction of boundary particles and

noting that Abhi = Vb to

〈fpressurei 〉 = −g

 ∑
j∈Fluid

Vj∇Wij +
∑

b∈Boundary

Abhi∇Wib

 ,

(21)

where Ab is the area of a particle b. The area can be

computed from the distribution of the neighboring particles.

Assuming a constant volume of particles, we get

Ab =
Vb
hi

=
Vb∑

j VjWij
=

1∑
jWij

. (22)

When computing the areas of the boundary particle, we

sum only over the boundary particles leading to

Ab =
1∑

j∈boundaryWbj
. (23)

The computation of the matrix M from Equation 13 is

easily extended to the boundary particles because only the

area of the particles Ai is needed in the computation:

Mi =
∑

j influid

Vj
hj
∇Wij ⊗

(
pi − pj

)
(24)

+
∑

b∈boundary

Ab∇Wib ⊗ (pi − pb) . (25)

The height computation is altered to

hi =
hfluid i + hboundary i

si
, (26)

where hfluid i is the contribution of the fluid particles, and

hboundary i is the contribution of the boundary particles

to the total height of particle i . The denominator si, see

Equation 31, represents the kernel alteration that is per-

formed by applying the Shepard filter. The value hfluid i is
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Figure 5: Beach scene with cylindrical obstacles captured at differ-

ent timesteps. Complex boundary shapes are handled without any

artifacts and with small computational overhead.

evaluated using Equation 4. A simple solution to compute

hboundary i would be to extrapolate the height of the fluid

particles to the boundary particles. This cannot be done

easily because the total fluid height depends on the height

of the boundary particles as seen from the equation

hboundary i =
∑

b∈Boundary

AbhiWib. (27)

The value hboundary i depends on hi and vice versa. To

compute hboundary i, we first have to eliminate the unknown

hi in Equation 27 by substituting Equation 26 for hi:

hboundary i =
∑

b∈Boundary

Ab
hfluid i + hboundary i

si
Wib,

(28)

hboundary i =
hfluid i
si

∑
b∈Boundary

AbWib (29)

+
hboundary i

si

∑
b∈Boundary

AbWib,

hboundary i =hfluid i

∑
b∈Boundary AbWib/si

1−
∑
b∈Boundary AbWib/si

. (30)

We obtain the expression for si by applying the Shepard

filter to Equation 26:

si =
∑

j∈Fluid

Vj
hi
Wij +

∑
b∈Boundary

Vb
hboundary b

Wib. (31)

To avoid recursion, we evaluate the height hi in Equation 31

without using the Shepard filter. Using this simplification,

Figure 6: Beach scene with a hilly terrain and several obstacles. 70k

particles were used in the simulation. Terrain forces and boundary

particles are combined to achieve the final result.

si is computed as

si =
∑

j∈Fluid

Vj
hfluid i + hbound i

Wij +
∑

b∈Boundary

AbWib,

(32)

where bound i differs from boundary i (Equation 27) in

the use of the Shepard filter. Therefore, hbound i can be

evaluated as

hbound i =
∑

b∈Boundary

Ab (hfluid i + hbound i)Wib, (33)

hbound i = hfluid i

∑
b∈Boundary AbWib

1−
∑
b∈Boundary AbWib

. (34)

The fluid height hi can be computed effectively in

two sweeps. First, the sum
∑
b∈Boundary AbWib and value

hfluid i (Equation 4) are computed. Second, the value si
(Equation 32) is evaluated, and the computed values are

then combined and used to compute hi (Equation 26).

If a fluid particle approaches the boundary particles, the

value hfluid i gets small compared to the value hboundary i.

This results in large errors of hi because the value depends

mainly on the height of the fluid particles. To avoid these

errors, we use two approaches. First, we decrease the

boundary particle areas by multiplying them by a constant

α:

hbound i = hfluid i

∑
b∈Boundary αAbWib

1−
∑
b∈Boundary αAbWib

. (35)

By multiplying the particle areas the denominator in Equa-

tion 34 is increased and thus we avoid situations where

1 −
∑
b∈Boundary AbWib approaches 0. Value α = 0.9

worked best in our experiments.
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Second, we employ the repulsion force between the fluid

and the boundary particles from [8]

fseparationi = Vi
∑

b∈Boundary

Vbk

(
Wib

W (∆p, r)

)4

∇Wib,

(36)

where W (∆p, r) is a precomputed kernel value for ∆p =

0.2h, and k is a user-defined constant. In our experiments,

k = 10 worked well. Instead of extrapolating the fluid

heights to the boundary particles, we compute Vb from

Eq. 36 as

Vb = Abhi. (37)

5 Surface Reconstruction for Shal-

low Water SPH

Surface reconstruction is another important part of the

fluid simulation. To get a visually appealing result we need

to generate a smooth surface. The surface reconstruction

has to be done fast to slow down the simulation as little

as possible.

We exploit the improved results that are gained from

the application of the Shepard filter and define the surface

height as equal to the fluid height. Although the fluid

height produces a bumpless surface, it causes problems in

areas where the fluid flows into empty regions; a flat surface

is generated instead of a gradually sloping surface as seen in

Figure 7. A large gap is created between fluid surface and

the terrain. To solve this problem, we use the idea from

[13] and linearly interpolate between the unnormalized

height h̄i that was computed using Equation 4 and the

normalized height h that was computed using Equation 30.

The surface height hsurface at the position x is thus defined

as

hsurface (x) = u (x) h̄ (x) + (1− u (x))h (x) . (38)

The interpolation coefficient u depends on the height of

the neighboring particles and on the height contribution

of the boundary particles and is defined based on

ū (x) =


h̄ (x)− h̄min (x)

h̄max (x)− h̄min (x)
if h̄max (x) > h̄min (x)

0 if h̄max (x) = h̄min (x)

,

(39)

which is further clamped and the contribution of boundary

particles is added to Equation 39 to maintain flat fluid

surface in the vicinity of boundaries. This results in

u (x) = clamp

(
clamp

(
h̄ (x)− h̄min (x)

h̄max (x)− h̄min (x)

)

+ 2
∑

b∈Boundary

AbW (x− xb, r)

)
, (40)

Figure 7: The surface mesh generated from the surface height is

depicted in the top image. The surface mesh generated using the

proposed surface definition is depicted in the middle image. The

surface mesh with the adjusted surface heights is depicted in the

bottom image. The gap between the bottom and the fluid surface

is resolved while the surface near the boundary particles remains

unchanged.

where the clamping is done to the 〈0, 1〉 interval. The

values h̄min (x) and h̄max (x) represent the maximum and

minimum fluid heights of the particles in the neighborhood

of position x, and r is the support radius of the smoothing

function W .

To generate a triangular mesh that represents the fluid

surface, we compute a lattice of fluid heights. We mark

a lattice point as fluid if the fluid height at the point is

higher than the terrain height; otherwise, we mark the

point as non-fluid. The triangles of the surface mesh are

generated only among lattice points that are marked as

fluid. In this way, the surface mesh is generated only in

areas that contain some fluid. Based on the resolution of

the lattice, the proposed approach produces gaps between

the surface mesh and the terrain as seen in Figure 7. We

solve this problem by setting the fluid height at the fluid

lattice points that have an adjacent non-fluid lattice point

to the terrain height.

Having the final surface mesh we export the mesh to

obj file. Afterwards, the file can be imported in almost all

animation softwares. For our purposes we used 3ds Max.
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Figure 8: Illustration of coupling of shallow water simulation and

Navie-Stokes simulation. Shalow water particles are in the bottom

while the Navier-Stokes particles are on the top.

6 Coupling of Shallow Water and

Navier-Stokes Simulation Using

SPH

Although a lot of work has been done in the area of fluid

simulations a full 3D fluid simulation solving Navier-Stokes

equations is still computationally very expensive. Although

a few real-time solutions have been proposed (e.g. [7]),

they are still too expensive for practical use in interactive

applications. Therefore, attention is paid to simplified

solution like shallow water equation. Such simplifications

lead to limitations. Using a heightfield to simulate fluid flow

does not allow for splashes or overturning waves. Without

such natural phenomena the fluid does not look realistic.

Therefore, several solution how to sort this problem out

have been proposed. Fluid sheets, in [15], and splash

particles, in [2], were added to the simulation. A 3D fluid

simulation was coupled with a heightfield simulation in [3]

and [4].

In this chapter we propose a coupling of two SPH sim-

ulations. One simulation solving Shallow water equations

and the second one solving Navier-Stokes equations. The

shallow water simulation is used to simulate the main vol-

ume of the fluid while the Navier-Stokes simulation is used

to capture surface details, splashes, or waves. Therefore,

the Navier-Stokes simulation will be on top of the shallow

water simulation, like in Figure 8. We will address the

shallow water fluid and Navier-Stokes in the further text

as 2D fluid and 3D fluid, respectively.

We divide the coupling into two parts. In the first part,

we handle the vertical coupling, by which we keep the 3D

particles on the top of the 2D fluid. In the second part,

we handle the vertical coupling, by which we transfer the

vertical forces between the 3D and 2D fluid.

Figure 9: Surface of 2D fluid sampled by particles. First, the

lattice of surface heights, depicted in red, is computed. Afterwards,

the surface particles, depicted in yellow, are sampled to maintain

sampling density, i.e. the maximal distance between particles.

6.1 Vertical Coupling

To keep the 3D particle on top of the 2D fluid we handle

the 2D fluid surface as a solid boundary in the 3D fluid

simulation. For this purpose we need a smooth surface

without gaps along the boundaries. The fluid height defi-

nition proposed in Section 3 satisfies this conditions and

worked in our tests. We preferred it over the surface defi-

nition proposed in Section 5 because the surface height is

less expensive to compute.

First, we compute a regular lattice of surface height

with distance between lattice points equal to half of support

radius used in the 3D fluid simulation. Afterwards, we sam-

ple surface particles in every cell by bilinearly interpolating

the lattice heights. Sampling density in horizontal direction

is chosen to maintain a maximal distance between particles.

Maximal distance less than half of the support radius used

in the simulation was sufficient. Thereby the sampling

density is maintained independently of the surface normal.

The sampled surface particles are then incorporated into

IISPH computation. Example of such sampling can be

found in Figure 9.

Because the 2D fluid surface is moving we have to take

into account the surface particle velocities as well. We

compute the velocities from the difference of the surface

heights between two timesteps. To do this computation in

one timestep of coupled SPH we interleave the update of

2D SPH with the 3D SPH as described in Algorithm 1.

We generate the surface particles in line 2 based on the

surface heights computed in line 1. The surface particle

heights are then update in line 22, and the velocities of

surface particles are computed from the difference of the

heights in line 23. The computed velocities are finally used

in the IISPH computation of pressure forces in line 26. The

result of vertical coupling can be seen in Figure 11, where

a layer of 3D particles is on top of the 2D fluid.
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6.2 Horizontal Coupling

To align and couple the movement of the 2D fluid with the

movement of the 3D fluid we interpolate velocities form

the 2D fluid to the 3D fluid and vice versa. To interpolate

the velocities we exploit the SPH approximation. To every

2D particle i a 3D position (xi, yi, hi) is assigned, where

(xi, yi) is the position of particle i, and hi is the height of

fluid at the position of particle i.

Having the 3D position assigned every 2D particle is

taken as a 3D particle when interpolating velocities. The

interpolated velocity vinterpolate2Di from 3D fluid to the

i-th 2D particle is defined as

vinterpolate2Di =

∑
j λ

mj

ρj
vhorizontal,jWij∑
j
mj

ρj
Wij

, (41)

where λ is a parameter compensating difference of mass

between 2D and 3D particles and will be described later in

more details. Velocity vhorizontal,j is the horizontal part of

the velocity of 3D particle j. The neighboring 3D particles

over which we sum in Equation 41 are defined as neighbors

in 3D fluid, i.e. particles within distance h from particle i.

A gap between fluid and solid objects appears if the

solids are sampled with particles. Such gap can be therefore

observed between the 3D fluid and the 2D fluid. This gap

is approximately the rest distance d0:

d0 = 3

√
m

ρ0
, (42)

which is a distance between 3D fluid particles in rest state.

Because of this gap the 2D particles have only a small

number of neighbors that is insufficient to for accurate

interpolation. To solve this problem we lower the height in

the computed lattice by d0. This lowering brings the 3D

fluid lower and removes the gap between the 2D and the

3D fluid.

If we interpolate form 2D fluid to the 3D fluid the

interpolated velocity vinterpolate3Di of particle i is defined

in similar fashion to Equation 41. Instead of summing

over 3D particles we sum over 2D particles which leads to

definition:

vinterpolate3Di =

∑
j

1
λ
Vj

hj
vextended,jWij∑
j
Vj

hj
Wij

, (43)

where vextended,j is the horizontal velocity of particle j

extended by a vertical velocity to get a 3-dimensional

velocity and vextended,j = (vx,j , vy,j , vz,j). We computed

the vertical velocity vz,j from the difference of heights of

particle j between timesteps:

vvertical,j =
hj(t)− hj(t−∆t)

∆t
. (44)

The neighbors over which we sum in Equation 43 are

particles within distance h from particle i while we work

with the assigned 3D positions of the 2D fluid particles.

With the acquired interpolated velocities we update the

velocities of the respective particles by linearly interpolat-

ing between actual velocity vi of particle i and interpolated

velocity vinterpolatei of particle i:

vi = (1− t)vi + tvinterpolatei , (45)

where t is the interpolation coefficient which determines

the strength of the influence between the 2D and the 3D

fluid. The value of t is dependent on the timestep used

in the simulation. Value t = 70∆t worked best in our

test scenes. Applying the interpolated velocities works the

same way for the 3D and the 2D fluid. Therefore, velocity

vinterpolatei in Equation 45 can be replaced by vinterpolate2di

or vinterpolate3di based on the fluid we are working with.

The change of velocity in Equation 45 is affecting the

kinetic energy of the system. The masses of the 2D and

3D fluid which are affected by this change are different.

Therefore, the kinetic energy of the system would change

after the velocity interpolation. To minimize the change

of kinetic energy we multiply the interpolated velocity by

a computed value λ which compensates the difference in

mass between the 2D and the 3D fluid. The kinetic energy

E2D of a particle having velocity v2D in the 2D fluid is

E2D = V ρ0v
2
2D, (46)

where V is the volume of a 2D particle, and ρ0 is the

rest density of the fluid. Kinetic energy E3D of a particle

having velocity v3D in 3D fluid is

E3D = mv2
3D, (47)

where m is mass of a 3D particle. To ensure that the 3D

particle has the same kinetic energy as the 2D particle

E2D = E3D, (48)

V ρ0v
2
2D = mv2

3D, (49)

v2D =

√
m

V ρ
v3D. (50)

Therefore,

λ =

√
m

V ρ
, (51)

which is then used in Equations 41 and 43.

6.3 Converting Pressures

Until now we have considered only a one way vertical

coupling between the 2D and the 3D fluid. To achieve a

two-way vertical coupling we have to take into account the

layer of the 3D particles when simulating the 2D fluid. We
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enforce the coupling by transforming the pressures from

3D fluid to heights and volumes in the 2D fluid. Thereby,

we alter the evaluation of pressure accelerations of the 2D

fluid from Equation 6 by adding volume ∆Vj :〈
Dvi
Dt

〉
= −g

∑
j

(Vj + ∆Vj)∇W (xi − xj , h), (52)

where ∆Vj = Aj∆hj . Therefore, the transforming can be

comprehended as transforming of the 3D fluid pressure

forces to 2D fluid pressure forces. This transformation

captures the force by which the 3D fluid presses on the 2D

fluid.

To compute ∆h we first interpolate pressures from

the 3D fluid to the 2D fluid in similar fashion to the

interpolation of horizontal velocities. For a 2D particle i

the interpolated pressure pinterpolatei is computed as

pinterpolatei =

∑
j λ

mj

ρj
pjWij∑

j
mj

ρj
Wij

. (53)

Afterwards, we convert the interpolated pressures to height

difference ∆hi. The conversion is defined as

∆hi =

(
1 +

pinterpolatei − prest
αprest

)
hlayer, (54)

where hlayer is the default thickness of the layer of 3D

particles and α is a user defined parameter determining

the strength of influence of the 3D pressures on the 2D fluid.

Value α = 5 worked best in our test scenes. The pressure

value prest is the average of the interpolated pressures from

a layer of 3D particles with thickness hlayer in rest state.

Therefore, if a layer of 3D particles of thickness hlayer stays

in rest state on top of the 2D fluid: ∆h = hlayer. The value

prest is precomputed from a test scene and it is sufficient

to do this computation once during parameter tuning.

6.4 Surface Reconstruction

To get the surface of the coupled fluid we combine the

surface of the 2D fluid with the surface of the 3D fluid.

We use the surface definition from [10] for the surface

reconstruction of the 3D fluid which is defined as zero

level set of function φ3D. The function φ3D is an implicit

distance based function. We exploit the surface definition

from Equation 38 to define the 2D fluid surface. First, we

define an implicit distance based function:

φ2D(x) =
h (horizontal(x))− height(x)

r
, (55)

where h is the surface height defined in Equation 38,

horizontal(x) is the horizontal part of the position x,

height(x) is the height of position x, and r is the sup-

port radius used in the simulation. If x = (x1, x2, x3) then

Figure 10: Three different timesteps of a drop falling into an

aquarium with water. Full 3D simulation is on the left while a

coupled simulation is on the right. 65779 particles were used for a

full 3D simulation while only 15319 3D and 6400 2D particles were

used for the coupled simulation.

horizontal(x) = (x1, x2) and height(x) = x3. The 2D

fluid is then defined as zero level set of φ2D.

We define the combined surface as zero level set of the

maximum of φ2D and φ3D:

φcoupled(x) = max (φ2D(x) + φ3D(x)) . (56)

6.5 Simulation Overview

The overview of the whole simulation step is given in

Algorithm 1. The 3D fluid is updated in one timestep

of the coupled fluid. First, on lines 3 to 8 the neighbors

are searched for and all forces except pressure force are

evaluated. Afterwards, on lines 24 to 28 the pressures

are computed using IISPH using the generated surface

particles. The pressure forces are evaluated based on the

computed pressures and the 3D fluid is integrated over

time using Euler-Cromer integration.

The update of 2D fluid is divided into two timesteps

of coupled fluid. In the first timestep the neighbors are

searched and the areas and heights of the 2D fluid particles

are evaluated on lines 18 to 21. In the next time step

the accelerations in the fluid are computed on line 15.

Finally, the 2D fluid is integrated over time on line 17.

Having the update of 2D fluid divided into two timesteps
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Algorithm 1: Coupled SPH

1 generate lattice of surface heights;

2 generate surface particles;

3 foreach particle3D i do

4 find 3D fluid neighbors N3D
i ;

5 compute 3D fluid density ρi;

6 compute external 3D fluid forces fexternali ;

7 compute viscous 3D fluid forces fviscosityi ;

8 end

9 interpolate velocities between 3D and 2D fluid ;

// Equations 41 and 43

10 apply interpolated velocities ; // Equation 45

11 interpolate pressures from 3D fluid ;

// Equation 53

12 foreach particle2D i do

13 compute heights ∆hi ; // Equation 54

14 compute volumes ∆Vi ;

15 compute 2D force fi ; // Equation 6

16 end

17 integrate 2D fluid over time;

18 foreach particle2D i do

19 find 2D fluid neighbors N2D
i ;

20 compute 2D fluid heights hi ; // Equation 4

21 end

22 update lattice of surface heights;

23 compute surface particle velocities;

24 foreach particle3D i do

25 compute 3D fluid pressures using IISPH pi;

26 compute 3D fluid pressure forces fpressurei ;

27 end

28 integrate 3D fluid over time;

29 generate fluid surface mesh;

we need an initialization of 2D fluid before the simulation

starts. During the initialization it is sufficient to find the

neighbors of the particles in the 2D fluid and to compute

their heights.

The coupling is done on several lines. First, a lattice

of surface heights is computed on line 1 and then the

surface particles are generated on line 2. Before the 2D

fluid is integrated over time we enforce the horizontal

coupling on line 10 by interpolating the velocities using

Equations 41 and 43 . The interpolated velocities are

then applied using Equation 44. Afterwards, the 3D fluid

pressures are interpolated to 2D particles on line 11. The

interpolated pressures are then used to compute height

and volume differences on lines 13 and 14. After the 2D

fluid is integrated over time we compute the difference in

surface height and update the lattice of surface heights

and compute the vertical velocities of surface particles on

lines 22 and 23, respectively.

Figure 11: Impact of the use of 3D pressures in the 2D fluid

simulation. On the left is the simulation without the 3D pressures

and on the right is the simulation with the 3D pressures converted

to volumes.

7 Colored Marching Tetrahedra

The most widely used approach to surface reconstruction is

to generate a triangular mesh. Such approach has several

advantages. The result can be stored and post-processed

afterwards. Because triangular mesh is a very common

representation, it can be imported into most 3D animation

softwares and renderers or visualized in real time using a

GPU. The surface mesh can be used for simulation purposes

as well, like computing surface tension in [18].

The surface of a mesh is usually represented by an

implicit function [9, 14, 10]. To generate a mesh from the

implicit function Marching Cubes algorithm is generally

used. The Marching Cubes algorithm is easy to implement

but the resulting surface has several problems. The fixed

grid used in the algorithm cause large step changes in the

reconstructed mesh when the fluid surface moves through

the grid. The reconstructed surface is blocky if the grid is

under-resolved. There is no clear relation between the fluid

particles and the surface triangles, therefore the surface
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Category 3-1

Category 2-1-1

Category 2-2

Category 1-1-1-1

Category 4

Figure 12: Five categories of tetrahedrons created in the process of

surface reconstruction and the respective geometry created in 3D.

is usually not advected with the flow but reconstructed

every frame. This makes the tracking of surface properties

inaccurate.

We propose a new method to generate a triangular

surface mesh while exploiting Delaunay tetrahedralization.

Only the surface between fluids is reconstructed. Therefore,

a multi-fluid scenario consisting of particle clouds that are

clearly marked and distinguished, for example by a color

index, are needed as the input. In the case of a single-fluid

simulation, where air is treated as vacuum the air particles

have to be generated (Section 7.1) in order to get at least

two particle clouds for surface reconstruction. Afterwards,

a Delaunay Tetrahedralization is created which is then

used to generate the fluid surface (Section 8).

7.1 Air Particle Generation

To reconstruct the surface resulting from a single fluid

dynamic simulation using our Colored Marching Tetrahe-

dra algorithm the air particles have to be generated. We

generate only a single layer of air particles around the fluid.

Another layer is not needed for the reconstruction and

would only enlarge the memory consumption as well as

increase the computation times by increasing the number

of input particles for the tetrahedralization.

First, spheres were generated around each fluid particle

close to the surface. Second, the air particles were evenly

sampled on spheres. Particle was generated only if the

resulting density on the sampled place was lower than a

defined threshold. A threshold value 1.5 times larger than

the rest density of the fluid was used in our experiments.

In this way the air particles were sampled around the fluid

in a sufficient way for our purposes.

Figure 13: Comparison of a surface created using marching cubes

algorithm on the left and a surface created using the marching

tetrahedra method on the right. 15625 fluid particles were used in the

simulation. Mesh smoothing was applied on the surface generated

using marching tetrahedra in post processing. Both surfaces are

visually similar.

8 Surface Generation

Having a multi-fluid simulation, a process similar to March-

ing Tetrahedra [16] is used to generate fluid surface from

the tetrahedralization of fluid particles. Vertexes of every

tetrahedron are marked by a fluid index. Based on the fluid

to which these particles belong the geometry inside every

tetrahedron is created. The possible combinations of dif-

ferent fluid particles can be divided into several categories

as is shown in Figure 12.

Category 4 (all particles belong to the same fluid): A

trivial case where no triangles are created and thus

this case can be rejected from the computation.

Category 3-1 (exactly 3 particles belong to the same

fluid): A single triangle between the fluids is created,

formed by the three middle points of the bichromatic

edges.

Category 2-2 (two pairs of particles belonging to the

same fluid): Two triangles are created, formed by

four middle points of bichromatic edges

Category 2-1-1 (exactly two particles belong to the same

fluid): 5 middle points of bichromatic edges and two

centers of faces have to be computed. These com-

puted points form 5 triangles as shown in Figure 12.

Category 1-1-1-1 (each particle belongs to a different

fluid): Middles of every edge as well as centers of

every face and the center of the tetrahedron have to

be computed. These computed point from 6 quadri-

laterals and thus 12 triangles as shown in Figure 12.

To generate a mesh better representing the fluid surface,

instead of middle points we use the points on the tetrahe-

dron edges where the level set is equal to zero. Thereby we

create a mesh with vertices on the fluid surface. To find

the point on the edges where level set is equal to zero we

bisect the edges until the level set is close enough to zero.
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Figure 14: 3 immiscible fluid are mixed together. The final surface

is reconstructed without computing a combined isofunction.

9 Results

The advantage of using the Shepard filter for the height

computation can be seen in Figure 3. The kernel correction

minimizes the oscillations in the height field. In the top

image in Figure 3 the surface height oscillates producing ar-

tifacts on the fluid surface. In the bottom image in Figure 3

the proposed improvement to the density computation re-

duced the oscillations and artifacts from the top image. A

smooth surface was generated. The difference that results

from the use of the normalization in Equation 30 near the

boundaries is also notable. Without the use of the Shepard

filter, the fluid height near the boundaries decreases, gen-

erating a gap between fluid surface and boundary. A a flat

surface is produced if the Shepard filter is employed. Less

dissipation can be observed in the simulation that uses the

corrected gradient.

As shown in Figure 5, which shows two timesteps of

the simulation, our method can handle complex boundary

domains. The boundary conditions that are imposed by

the cylindrical obstacles in the scene are correctly handled

while adding only small computational overhead compared

to a beach scene that does not contain the obstacles. In

Table 1, the times of the simulation with the proposed

boundary handling are given. The main reason for the

difference in the simulation times is the different sampling

densities. The fluid is discretized by the same number

of particles while occupying a larger area. Because of

the constant support radius, the fluid particles have more

neighbors and the summation is done over larger number

of particles. This leads to higher computational costs. A

larger view on the hilly scene is in Figure 6. Particle

boundaries are combined with terrain forces produced by

a complicated bottom. A plausible result is generated

without any artifact or instabilities during the simulation.

Figure 15: Coupled simulation of a wave produced by a moving

wall. On the left is the reconstructed surface while on the right are

the particles used for the simulation. 3D fluid particles are depicted

in blue while the 2D fluid particles are depicted in white.

The proposed surface definition generates flat surfaces

in regions that are filled with particles and in the vicinity

of boundary particles, while the surface correctly slopes

in areas where the fluid flows into empty regions. This

is clearly shown in Figure 5 and 7. Flat surfaces can be

observed in the areas near the obstacles, while smooth

transitions between the regions that are filled with parti-

cles and empty regions are visible. Times of the phases

of surface reconstruction are given in Table 2.The height

computation in the third column is the most computation-

ally expensive part of the algorithm. It consumed from

76 to 90 percent of the whole surface reconstruction time.

Gap resolving, in the 4th column has only marginal impact

on the surface reconstruction time, while the generation of

the triangular surface mesh, in the 5th column consumed

between 10 and 23 percent of surface reconstruction time.

We have tested the proposed coupling on several scenes.

Using the horizontal coupling the layer of 3D particles

stays on top of the 2D fluid as can be seen in Figure 11.

We observed that the horizontal coupling helped to pre-

vent penetration of 2D fluid by 3D particles. We did not

observed any penetration of 2D fluid in our testing even in

dynamic scene.

We have compared the coupled simulation with a full

3D simulation on a scene with a fluid drop falling into an
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scene
# fluid / boundary

particles

common

simulation

improved

density

improved

gradient

hilly beach 69 888 / 2 477 69 ms 107 ms 126 ms

column beach 22 515 / 1 880 41 ms 44 ms 51 ms

plain beach 22 515 / 1 016 30 ms 33 ms 42 ms

dam break 5 605 / 590 3 ms 3 ms 4 ms

Table 1: Comparison of the time efficiency of the improved simulation to a common simulation. In the third column are the times of a

simulation without the proposed improvements. In the fourth comuln are the times of a simulation with the improved density and in the

fifth column are the times of the simulation with the improved density and gradient. Although times increased the simulation quality is

improved.

Figure 16: Four different fluids are poured into an aquarium with

water, simulated by 40k particles. The whole scene can be seen in

the top image while the zoom of this scene can be seen in the bottom

image. A clean interface is created between the fluids.

aquarium. The reconstructed fluid surface from 3 different

timesteps can be seen in Figure 10. In the beginning, the

results of the full 3D simulation and the coupled simulation

are similar. A splash with a crown is created in both

simulations. In the bottom images of Figure 10 the results

differ. In the full 3D simulation a splash towards the top

of the aquarium is visible while the 2D fluid looks more

dumped and no splash is visible. This is mainly caused by

the distribution of the energy. In the 3D fluid the kinetic

energy of the impact is distributed only to a small part of

the fluid. In the coupled fluid the velocities are interpolated

to the 2D fluid and thereby to the whole volume of the fluid.

Also it is not expected that the shallow water simulation

produces the same result as a full 3D simulation. Because

the majority of the coupled fluid is created by a shallow

water simulation the results will differ.

As can be seen in Figure 11 after the impact the cou-

pling ensures that the 2D fluid moves appropriately and a

depression is cerated. If the pressures from the 3D fluid are

employed the depression is larger and vertical movement

of the fluid is less dumped. The splash in the middle of

the scene is therefore higher and more visible.

The final times of the coupled simulation are given in

Table 3. The most time consuming part of the coupled

simulation is the 3D fluid simulation. In average it takes

from 80 to 90 percent of the whole timestep. In compari-

son with a full 3D simulation the coupled simulation was

approximately 2 times faster in the drop scene. Most of the

computation was done during the impact. More iteration

of IISPH are needed to achieve incompressibility. In the

full 3D simulation the impact was resolved faster because

of larger layer of particles. If we compare the coupled sim-

ulation with the 3D fluid simulation rest state, the coupled

simulation was approximately 3 times faster.

We demonstrate the surface reconstruction based on

tetrahedralization on several examples. Tetgen library

([12]) was used to create the tetrahedralization of the sim-

ulation particles. All examples were exported to 3ds Max,

where the surface was smoothed and rendered.

The times of the phases of the proposed algorithm are

given in Table 4. The most computational expensive part of

the algorithm is the generation of the surface and the least

expensive is the tetrahedralization. In our experiments

the time of the surface reconstruction was highly depen-

dent on the particle distribution. If the particles were

sparsely distributed throughout the simulation domain,

like by splashes, high number of air particles have to be

generated which leads to higher number of generated trian-

gles and higher computational cost. The resolution of the

surface mesh is directly dependent on the fluid resolution.

Compared to the marching cubes algorithm using the

marching tetrahedra the fluid surface was reconstructed
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faster. The generated mesh has to be smoothed in the

postprocessing in order to get comparable results. Without

the postprocessing the edges on the surface are visible. A

comparison of results from marching cubes algorithm and

marching tetrahedra algorithm can be found in Figure 13.

Both results are visually similar but the marching tetra-

hedra generates less triangles and reconstructs the surface

faster. Thereby also smaller files are generated which leads

to lower memory consumption especially in cases when a

large number of time frames needs to be reconstructed and

stored.

In Figure 14, 3 immiscible fluids are mixed. A clear

interface between the fluids and water is created. No air

particles need to be generated in the areas without air

because the simulation domain is already sampled with

particles. In our case, when incompressible flow is consid-

ered, the particles already have the desired distribution for

the surface reconstruction algorithm. Also no combined

surface isofunction, like in [5], has to be computed to re-

construct the interfaces between fluids. Because of the

mentioned reasons the algorithm is especially suitable for

multi-fluid scenarios.

10 Conclusion

The main goal of the thesis was to improve the shallow

water simulation and couple it with a full 3D simulation.

This goal was fulfilled and in doing so we contributed to

several research areas such as fluid simulation, surface

reconstruction or boundary handling. We divided the

contribution to several areas.

First, we improved the shallow water simulation by

altering the kernel functions. We improved the approxima-

tion of the fluid height as well as the gradient of the fluid

height. These alteration introduced acceptable computa-

tional overhead and improved the simulation in several

ways. The surface oscillation as well as the fluid height

decay near the boundaries was minimized. A lower dis-

sipation was also observed if the modified kernels were

used.

We proposed a boundary handling algorithm for par-

ticle based shallow water simulation. We sampled the

boundaries by particles and included them into the fluid

simulation. The area of the sampled boundary particles was

used to determine their contribution to the SPH summa-

tion. A flat fluid surface was achieved near the boundaries

and even complicated and irregular boundary domains

were simulated with a low computational overhead.

In order to visualize the surface we introduced a new sur-

face definition and reconstruction algorithm. The surface

definition was based on the modified height computation.

The boundary particles were included in the definition to

compensate particle deficiency near the boundaries. A

smooth fluid surface was achieved within a reasonable time.

The surface correctly decays in the regions where fluid

flows into empty regions, and the surface mesh is correctly

aligned with the bottom terrain.

The previously mentioned improvements of shallow wa-

ter simulation allowed for the coupling with a full 3D fluid

simulation. The main volume of the fluid was simulated

using shallow water simulation while the surface layer was

simulated using a full 3D simulation of Navier-Stokes equa-

tions. These two simulations were coupled by interpolating

horizontal velocities between the simulations. The sur-

face of the 2D fluid was sampled by particles and handled

as solid to keep the 3D particles on top of the 2D fluid.

The pressures from the 3D fluid were used to influence

the movement of the 2D fluid and further enhanced the

results. To visualize the surface a new surface definition

was proposed.

Finally, a new surface reconstruction method was pro-

posed for the surface reconstruction of a 3D particle-based

fluid simulation. Tetrahedralization of fluid particles was

used to generate the surface. The generated tetrahedra

were classified similar to marching cubes algorithm. A

surface comparable to marching cubes was created in a

shorter time. The generated surface is connected with the

fluid particles and the resolution of the surface mesh is

determined by the resolution of the fluid.
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scene
# f / b

particles

height

evaluation

gap

resolving

surface

generation

total

time

hilly beach 69 888 / 2 477 170 ms 0.2 ms 20 ms 190.2 ms

column beach 22 515 / 1 880 53 ms 0.2 ms 6 ms 59.2 ms

plain beach 22 515 / 1 016 43 ms 0.2 ms 6 ms 49.2 ms

dam break 5 605 / 590 10 ms - 3 ms 13 ms

Table 2: Times of the phases of the proposed surface reconstruction. In the third column are the times of the surface height computation

using Equation 38. In the fourth column are the times of resolving the produced gap. In the fifth column are the times for the computation

of surface normals. In the sixth column are the times for the generation of the triangular surface mesh and in the seventh column are the

total times of the surface reconstruction.

scene
# 2D

particles

# 3D

particles

2D fluid

simulation

3D fluid

simulation
coupling

fluid drop 13456 6400 6 ms 151 ms 15 ms

fluid drop - high res 101216 21904 25 ms 1150 ms 61 ms

wave scene 13456 6400 6 ms 105 ms 15 ms

Table 3: The times for the parts of the coupled simulation of fluid drop from Figure 10. Average times of the 2D, 3D, and the overhead of

the coupled simulation are given in 4th, 5th, and 6th column, respectively. The times for the 2D simulation and the coupling are relatively

small compared to the 3D simulation.

scene # particles
air particle

generation

tetrahedralization

time

surface

generation

total

time

dam break 16k 15625 0.66 s 0.12 s 1.14 s 1.92 s

dam break 128k 127500 5.78 s 0.92 s 10.38 s 17.08 s

3 pipes 8052 0.3 s 0.09 s 3.22 s 3.529 s

4 pipes 28152 1.26 s 0.22 s 5.27 s 6.75 s

Table 4: Times of the phases of the colored marching tetrahedra algorithm. Average values are given in the table.

scene # particles
marching cubes

resolution

marching

cubes

marching

tetrahedra

dam break 16k 15625 200× 200× 200 5.27 s 1.92 s

dam break 128k 127500 300× 300× 300 17.23 s 17.08 s

Table 5: Comparison of the colored marching tetrahedra with the marching cubes. Surface was generated faster using colored marching

tetrahedra.
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• Study, research and travel grant to ETH in Zurich

from SAIA. February-April 2014.
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