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Autoreferát dizertačnej práce
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na źıskanie akademického titulu philosophiae doctor

v odbore doktorandského štúdia
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Collision-free Low Degree Bézier Path
with Regular Quadratic Obstacles

1 Introduction

Bézier curves play an important role in geometric modeling, Computer Aided Geo-

metric Design (CAGD) and computer graphics systems due to their properties. Path

planning (as a part of motion planning) is a major topic in robotics. It involves find-

ing a collision-free strategy from the current location, or configuration, to a desired

goal location, or configuration. It is a purely geometric process that is only concerned

with finding a collision-free path regardless of the feasibility of the path. Theory of

Minkowski space served as a mathematical equipment since it has many practical

applications also in geometric modelling and CAGD.

We decide to study a mutual position of Bézier curve and regular quadric in three

dimensional Euclidean space. The gained knowledge are applicable in path planning

where a path is represented by the Bézier curve and the obstacles represented by

quadrics. We start with quadratic curves and splines, later we extend the propositions

for cubic curves because of their better properties. Another application can be found

in searching for pointwise space-like curves in Minkowski space where the light-cone

is regular quadric.

2 Theoretical background

Let E3 be three dimensional vector Euclidean space formed by vectors

x = (x1, x2, x3) with scalar product 〈· , · 〉 : E3 × E3 → R. Let M3,3(R) be the set

of 3 × 3 matrices with real coefficients. A quadratic form is the map q : E3 → R,

where q(x) = xQx> for the symmetric Q ∈M3,3(R).

By a standard construction, we get three dimensional affine Euclidean space R3

formed by points X = [x1, x2, x3]. Let M4,4(R) be the set of 4 × 4 matrices with

real coefficients. Let Qκ ∈M4,4(R) be regular and symmetric. An image of a regular

quadric κ is the set of points {[x1, x2, x3] ∈ R3 : (x1 x2 x3 1)Qκ(x1 x2 x3 1)> = 0}.
The matrices 4 × 4 and extended coordinates (X, 1) = (x1, x2, x3, 1) are used to ex-

press an arbitrary translation and rotation of the quadric by one matrix. Moreover,

projective properties are formulated in a more natural way. The used properties of
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3. GOALS AND TASKS

affine and projective quadrics are in [3]. The intersection of a quadric and a plane is

a conic section K [5, 14].

Bézier curve segment of degree n in the space Rd, d ∈ N, d ≥ 2 is a polynomial

map b : [0, 1] → Rd given by b (t) =
∑n

i=0B
n
i (t)Vi. The points Vi ∈ Rd are called

control points, the functions Bn
i (t) =

(
n
i

)
(1− t)n−iti for i ∈ {0, . . . , n} are Bernstein

polynomials of degree n. More about the properties of Bézier curves can be found

e. g. in [8, 12, 17, 20].

The state space for motion planning is a set of all possible transformations that

may be applied to the robot. This will be referred to as the configuration space

C = Cfree ∪ Cobs [16], where Cfree is a free space and Cobs represents an obstacle

space. There are two basic approaches how to find the collision-free path from the

initial configuration to the goal configuration. The first approach is combinatorial

motion planning [15], which means that from the input model the algorithms build a

discrete representation that exactly represents the original problem. The second one

is sampling-based motion planning [1, 7], which refers to algorithms that use collision

detection methods to sample the configuration space and conduct discrete searches

that utilize these samples. Some of these algorithms use Bézier curves [13, 21, 22, 23]

or B-spline curves [18, 19].

3 Goals and tasks

We formulate three main goals. Let R3 be the three dimensional Euclidean space

with obstacle represented by regular quadric κ. Let the point A be the start and the

point B be the finish. We find all quadratic Bézier paths starting at A and ending at

B representing collision-free path with respect to an obstacle κ.

The extension of the problem is the existence of more obstacles. LetO = {O1, . . . , Om}
be the set of obstacles represented by regular quadrics. Let P = {P1, . . . , Pn} be a

given set of points such that n ≥ 2, where P1 is the start of the path and Pn is the end

of the path. We want to find the conditions for C0, resp. C1 piecewise quadratic spline

representing collision-free path with respect to obstacles O. Moreover, the spline have

to start at P1, pass through the points P2, . . . , Pn−1 and end at the point Pn.

The observations from the quadratic paths are applied on the collision-free paths

represented by planar cubic Bézier curves. So, we want to formulate some theorems

and hypothesis about collision-free cubic path with respect to an obstacle κ.
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4. QUADRATIC COLLISION-FREE BÉZIER PATH

4 Quadratic collision-free Bézier path

Let us consider the Euclidean space R3, let 〈O, e1, e2, e3〉 be an affine coordinate

system, with a regular quadric κ represented by the matrix Qκ. Let the points

A,B ∈ R3 be fixed and a = A− O, b = B − O are their position vectors. Assuming

the quadric is an enclosing volume of some obstacle and the points A,B are start

and end position of a robot we require q(a) > 0 and q(b) > 0, i.e. A,B lie outside

the quadric κ. We look for all collision-free (relative to quadric) paths supply by

quadratic Bézier curves from the point A to the point B. In other words, we look for

the set of all such points C that the Bézier curve bACB (t) lie out of quadric. Thus,

for all points X ∈ bACB (t) and their position vectors x the inequality q(x) > 0 holds.

In applications, A 6= B yields, however we solved also the case A = B for the sake of

completeness.

A generic quadratic Bézier curve is a part of a parabola, so it lies in the affine plane

ρ ⊂ R3. Since the given points A,B ∈ ρ, the construction of the plane ρ may

have several degrees of freedom depending on their positions. The intersection of the

quadric κ and the plane ρ is a conic section K (see fig. 1(a)). The figures 1(b–g) show

all cases how the set S of all points X that q(x) > 0 in the possible types of plane ρ

looks like. The collision-free Bézier curve bACB (t) ⊂ S. We present a solution in the

plane ρ for each type of conic section K 6= ∅ separately and the planar results can be

put together to form the spatial result.

Let 〈O, x, y〉ρ be any Cartesian coordinate system in the plane ρ. Let A = [ax, ay],

B = [bx, by] and C = [cx, cy] be the local affine coordinates of the control points in

〈O, x, y〉ρ. Let Vρ(A,B) be a set of points C ∈ ρ such that the curve bACB is collision-

free. Then, we say that Vρ(A,B) is a set of admissible solutions in the plane ρ with

respect to A,B. If no confusion arises, we say the set of admissible solutions. By

V v
ρ (A,B), we denote the set of points C ∈ ρ such that bACB ∩ K contains only the

points of contact of order 2 between the Bézier curve and the conic section.

4.1 Set of admissible points of contact

We say that the set D ⊂ K is the set of points of contact between K and the set

of all bACB if for any point X ∈ D there is a point C such that C ∈ V v
ρ (A,B) and

X ∈ bACB ∩K.

We say that the curve bACB touches a connected component of the regular conic

section K from outside (inside), if their common tangent is (is not) separating. Then,
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4. QUADRATIC COLLISION-FREE BÉZIER PATH

(a)

K
S

K

S
K

S

(b) (c) (d)

S

K
K

S

S

K

(e) (f) (g)

Figure 1: (a) Plane ρ spans points A,B,C. In case of their non-collinearity, they
generate ρ as affine hull. The conic section K is the intersection of the quadric κ and
the plane ρ. (b–g) Let K ⊂ ρ be the conic section (point, double line, pair of lines,
ellipse, parabola, hyperbola). The set S consists of all points lying out of quadric in
the plane ρ.

the point of contact is called exterior (interior) point of contact. The set of all exterior

(interior) points of contact is denoted Dext (Din).

We describe the set D = Dext ∪Din for various regular types of the conic section K.

The polar lines of the points A,B have the major influence on the shape of the set

D. Let K be an ellipse. Then, the set of the points of contact D is either one arc of

the exterior points of contact or one arc of exterior and one arc of interior points of

contact or one or two arcs of interior points of contact. Let K be a parabola. Then,

the set of the points of contact D is either one arc of the exterior points of contact

or one arc of interior points of contact. Let K be a hyperbola. Then, the set of the

points of contact D is either two arcs of the exterior points of contact or one arc of

exterior and one arc of interior points of contact.

Now, let K be a singular conic section. In the case of K = {VQ}, where VQ is the

top of the isotropic cone Q, we have D = {VQ}. If K = p, where p is an isotropic

double line, we must distinguish two cases. If A,B lie in the opposite half-planes

generated by the line p, we have D = ∅. If A,B lie in the same half-plane, the set of

points of contact D = p. The last singular case is K = p ∪ r, where p, r are a pair

of distinct isotropic lines. Then, there are two regions of points lying out of K in

the plane ρ. If A,B lie in the different regions, there is no collision-free Bézier curve

bACB. Let A,B lie in the same region, which is determined by two half-lines
−−→
VQP ⊂ p

7



4. QUADRATIC COLLISION-FREE BÉZIER PATH

K

C

∂V

D

T

A

B

Figure 2: The boundary map σ maps the points of the arc D to the points on ∂V ,
see that σ(T ) = C.

and
−−→
VQR ⊂ r. Let Sp ∈ p and Sr ∈ r are the points of contact of the Bézier curve

bACuB, i.e. bACuB ∩ K = {Sp, Sr} is double contact. Then, D =
−−→
SpP ∪

−−→
SrR. The

special case is Sp = Sr = VQ.

4.2 Boundary map

For the given points A,B, and suitable X ∈ K and the tangent line `X at X to K,

the Bézier curve bACB touching the conic section K is clearly identified. In order to

find the middle control vertex C, we use the boundary map σ such that σ(X) = C

with the form

σ(X) =
b(t0)−B2

0(t0)A−B2
2(t0)B

B2
1(t0)

,

where t0 ∈ [0, 1] is a solution of the equation

0 = αt2 + 2βt+ γ

and for A = [ax, ay, 1], B = [bx, by, 1], X = [x0, y0, 1] are

α = (A−B)QKX
>,

β = −AQKX
>,

γ = −β.
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5. COLLISION-FREE PIECEWISE QUADRATIC SPLINE

4.3 Set of admissible solutions

The set of all such points C that Bézier curve bACB ∩K ⊂ D yields, is the boundary

of the set of admissible solutions Vρ(A,B). We denote it ∂Vρ(A,B). We say that

the boundary of the set of admissible solutions ∂Vρ(A,B) is generated by the set D

mapped by the boundary map σ.

If the conic section K = p, then the boundary of the set of admissible solutions ∂V

is the parallel line with the line p. If K = p ∪ r, then the set of points of contact

D =
−−→
SpP ∪

−−→
SrR (in special case Sp = Sr = VQ). The set ∂V consists from two

half-lines parallel with p, resp. r, connected in the point Cu.

The boundary of admissible solutions ∂Vρ(A,B) consists of one or two continuous

unbounded curves with degree at most four. These curves divide the plane ρ into

few regions. Some of them are the components of set of acceptable solution Vρ(A,B).

The position of the points A,B and the fact, whether the boundary was generated by

Dext of Din, determine which regions belong to the set Vρ(A,B). For the two given

points A,B and the conic K, the set of acceptable solutions Vρ(A,B) consists of one

or two regions. It depends on the number of arcs in the set D and on the type of the

conic section K.

5 Collision-free piecewise quadratic spline

In applications, a frequent task is to find a path from the starting point to the ending

point while passing through the given set of points avoiding obstacles. Also, there

may be more than one obstacle in the scene. Let P = {P1, . . . , Pn} be the given set of

points in R2. Let O = {O1, . . . , Om} be the given set of obstacles represented by conic

sections as their bounding objects. We search the collision-free path avoiding the set

of obstaclesO starting at the point P1, ending at the point Pn and passing through the

points P2, . . . , Pn−1. The achieved results allow construction of the collision-free path

as piecewise quadratic spline. As we mention in the introduction, some applications

may request C1 continuity of the path because in mobile robotics a non smooth

motions can cause slippage of the wheels.

Let the starting point P1 and ending point P2 be given. We find the set V containing

such points C, that the Bézier curve bP1CP2 is a collision-free path with respect to the

set of obstaclesO. Using the results in previous section, we find the set Vj(P1, P2) con-

taining the admissible points C for collision-free path with respect to one obstacle Oj.
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5. COLLISION-FREE PIECEWISE QUADRATIC SPLINE

K1 K2

a1 a2

A

B

T1

T+
2

T+
1

T2

D1 D2

w1

w2

W 1
1 W 1

2

W 2
1 W 2

2

V

Figure 3: For the component K1, the set of exterior points of contact D1
ext = ∅

and the set of interior points of contact D1
in =

_

T+
1 T

+
2 . The set of points of contact

D1 = D1
in generates the curve w1 ⊂ ∂Vρ(A,B). The curve w1 divides the plane ρ into

two regions W 1
1 ,W

1
2 . Let the points A,B ∈ W 1

1 . The set of admissible solutions for
the component K1 is V 1(A,B) = W 1

2 . For the component K2, since T2 = a∞2 , the

set of exterior points of contact D2
ext =

_

T1a
∞
2 and the set of interior points of contact

D2
in = ∅. The set of points of contact D2 = D2

ext generates the curve w2 ⊂ ∂Vρ(A,B)
and if the points A,B ∈ W 2

1 , then V 2(A,B) = W 2
1 . Finally, the set of admissible

solutions for the conic section K is Vρ(A,B) = V 1(A,B) ∩ V 2(A,B).

10



5. COLLISION-FREE PIECEWISE QUADRATIC SPLINE

If we need to avoid all obstacles simultaneously, the point C ∈ V =
m⋂
j=1

Vj(P1, P2).

The intersection can be computed using some of the standard algorithms for comput-

ing intersection of algebraic areas in CAD, e. g. cylindrical algebraic decomposition

or vertical decomposition [2, 6]. Now, we may choose an arbitrary point C ∈ V for

obtaining collision-free path b = bP1CP2(t).

Let the starting point P1 and ending point Pn be given. We need to find the system of

sets V = {V1, . . . , Vn−1} such that each Bézier curve bPiCiPi+1
with Ci ∈ Vi represent

collision-free path between the points Pi and Pi+1 with respect to all obstacles from

O. The path is constructed sequentially for each segment PiPi+1. We choose the set

of points {C1, . . . , Cn−1} such that Ci is an arbitrary point from Wi =
m⋂
j=1

Vj(Pi, Pi+1).

Then, the C0-continuous collision-free path b =
n−1⋃
i=1

bPiCiPi+1
(t). Computing of b for

the set of three points {P1, P2, P3} and two obstacles {O1, O2} is illustrated in the

fig. 4 (a, b).

Let the set V = {V1, . . . , Vn−1}, where each set Vi contains all Ci representing collision-

free path between the points Pi and Pi+1. For obtaining the C1-continuous spline, we

pick the points C1, . . . , Cn−1. The decision must be compatible with the conditions of

C1 continuity [4]. Hence, the points Ci−1 and Ci are centrally symmetric with respect

to the point Pi for i = 2, . . . , n−1. We denote by RefP (X) the reflection of a point X

with respect to a point P . Note that by choosing C1, we determine all remaining mid-

dle control points, because C2 = RefP2(C1), . . . , Cn−1 = RefPn−1RefPn−2 . . .RefP2(C1).

So, we find the subset W ⊂ V1 of such points C1, that all reflected Ci ∈ Vi for

i = 2, . . . , n − 1. This ensures that the final spline is collision-free. Let the set

W = V1 ∩ RefP2(RefP3(. . . (RefPn−1(Vn−1) ∩ Vn−2) ∩ · · · ∩ V3) ∩ V2). For each point

C ∈ W the path b =
n−1⋃
i=1

bPiCiPi+1
(t), where C1 = C, C2 = RefP2(C), . . . , Cn−1 =

RefPn−1RefPn−2 . . .RefP2(C), is collision-free with respect to obstacles O and C1-

continuous (see fig. 4 (c, d)).

We apply this study to the following example. Let the virtual agent starts at the point

P1 and needs to get to the point P3 while passing through the point P2. Moreover, it

is supposed to avoid two obstacles O1, O2 represented by an ellipse and a hyperbola

respectively. The path finding is illustrated in the fig. 4. Conic sections as bounding

objects well represent a wide range of obstacles. For example, ellipses are suitable

for buildings, trees and things and hyperbolas and parabolas for coast or areas with

special features.
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5. COLLISION-FREE PIECEWISE QUADRATIC SPLINE

P1
P2

P3

C1
V1

V1

V2

O1

O2

O2

P1
P2

P3

C2

V1

V2

O1

O2

O2

(a) (b)

P1
P2

P3

V1

V1

V2

O1

O2

O2

P1
P2

P3

RefP2(V2)C1

C2

V1

V1

V2

O1

O2

O2

(c) (d)

Figure 4: (a) First, we search the collision-free path between the points P1, P2. After
finding the sets of admissible solutions V1, V2 for each obstacle separately, we pick a
point C1 ∈ V1∩V2. (b) Then, we find the sets V1, V2 for the points P2, P3 and choose
the point C2 ∈ V1 ∩ V2. The final spline is C0-continuous. (c) The set V1 contains
all such points C1, that the curve bP1C1P2 is a collision-free segment. Similarly, the
set V2 contains all such points C2 for the segment P2P3. (d) We have to pick the
points C1, C2. Taking the point C1 ∈ V1 ∩ RefP2(V2) and C2 = RefP2(C1), the finial
spline is C1-continuous.
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6. CUBIC COLLISION-FREE BÉZIER PATH

6 Cubic collision-free Bézier path

We look for the collision-free condition of the Bézier curves of higher degree than two.

They provide more natural-looking path and they are more flexible while avoiding

obstacles including non-planar curves. We start to study a conditions for planar cubic

curves, using the knowledge and methods from the quadratic case.

Let A,C, F,B ∈ ρ be the control points of the Bézier curve bACFB. Let A,B lie

outside of the conic section K. Let the point F be arbitrary, but fixed. We need to

find the set of admissible solutions Vρ(A,F,B) of such points C ∈ ρ, that the curve

bACFB is collision-free with respect to K.

We say that the set D ⊂ K is the set of points of contact between K and the set of

all bACFB if for any point X ∈ D, there is a point C such that C ∈ V v
ρ (A,F,B) and

X ∈ bACB ∩K. The exact shape of the set D is shown later.

We need to obtain the points C corresponding to the set D forming the boundary

of the set Vρ(A,F,B). Let P(ρ) be the power set of the plane ρ. The map σ :

D → P(ρ) is called boundary map if for every X ∈ D holds σ(X) = {C ∈ ρ | C ∈
V v
ρ (A,F,B) and X ∈ bACFB ∩K is the point of contact}. Let the real numbers

α = (A− 3F + 2B)QKX
>,

β = (F − A)QKX
>,

γ = AQKX
>,

δ = −γ

be the coefficients of the cubic function

R(t) = αt3 + 3βt2 + 3γt+ δ
�� ��1

for A = [ax, ay, 1], F = [fx, fy, 1], B = [bx, by, 1], X = [x0, y0, 1]. Then, the corre-

sponding boundary map σ : D → P(ρ) has the form

σ(X) =

{
b(t0)−B3

0(t0)A−B3
2(t0)F −B3

3(t0)B

B3
1(t0)

, t0 ∈ (0, 1) ∧R(t0) = 0

}
.

For finding the set Vρ(A,F,B) is necessary to determine the number of roots of the

equation
�� ��1 within the interval 〈0, 1〉. We use the combination of Boudan-Fourier

theorem [6], theory about Sturm-Habicht sequences [11] and the properties of the

discriminant of cubic polynomial function.
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7. MAIN ASSETS OF THE WORK

6.1 Singular conic sections

We find the set of admissible points of the contact D for singular conic sections. If the

conic section K = p, the set of admissible points of the contact D = K. Moreover,

the boundary of the set of admissible solutions ∂V is a parallel line to the line p. Let

K = p∪r. The set of points of contact D =
−−→
SpP ∪

−−→
SrR (in special case Sp = Sr = VQ).

From the previous lemma, the set ∂V consists of two half-lines parallel with p, resp. r,

connected in the point Cu. If the conic section K = {VQ}, then the set D = {VQ}
and the boundary of the set of admissible solutions ∂V is one continuous curve.

6.2 Regular conic sections

For the set D ⊂ K for regular conic sections, we determine the necessary conditions.

We denote PA = AQKX
>, PB = BQKX

>, PF = FQKX
>. The set of admissible

points of the contact D is the subset of the union of the arcs Ki ⊂ K for i = 1, . . . , 4,

where

K1 = {X ∈ K : PA ≥ 0 ∧ PB ≥ 0},
K2 = {X ∈ K : PA ≤ 0 ∧ PB ≤ 0},
K3 = {X ∈ K : PA ≥ 0 ∧ PB ≤ 0 ∧ P 3

F − PAP 2
B ≥ 0},

K4 = {X ∈ K : PA ≤ 0 ∧ PB ≥ 0 ∧ P 3
F − PAP 2

B ≤ 0}.

We also present some geometrical conditions, which are included in the sufficient

conditions for the set D. We formulate some hypotheses about the shape of the set

Vρ(A,F,B).

7 Main assets of the work

Our results solved the path planning problem for point-size robot in two or three

dimensional space, because its configuration space can be identified with our working

space for obstacles represented by regular quadrics. It can be also used for transla-

tional robots and all robots with two or three dimensional configuration space, when

we describe a space Cobs by conic sections. The main benefit of the work is a math-

ematical model of path finding with proofs about existence and uniqueness, which

involves a complete solution (we find all possible collision-free quadratic paths).

The finding of smooth collision-free path using Bézier curves was mentioned in the

14



8. CONCLUSION

previous section. But the algorithms working with polynomials or Bézier curves are

used as post processing, because they assume some linear collision-free path and they

only smooth the path. Moreover, the algorithms provide only a numerical solution.

The proposed method offers a direct analytical computation of all possible collision-

free smooth paths without using sample-based planning algorithms. We assume an

obstacle represented by a regular quadric and given start and end position of robot.

We find all quadratic Bézier curves constituting the set of collision-free paths. One

can use such a set for optimization of the sought path.

Sometimes the scene with the given obstacles is too complicated and the smooth

collision-free path cannot be found directly. Then, the use of sample-based planning

algorithms is necessary. But the obtained linear path is jerky, because it contains

many redundant nodes which was generated randomly. In order to remove these

nodes the path pruning techniques as in [10] are used. Our results can also form a

path pruning algorithm, where the node vi can be removed if there is a quadratic

Bézier collision-free path between nodes vi−1 and vi+1. Such an algorithm is more

flexible comparing with a piecewise linear approach.

There is another use for the affine three dimensional Minkowski space typically de-

termined by a light cone. Applications of Minkowski R3
1 space in CAGD are given in

[9]. The set of all pointwise space-like curves is determined by the set V . The light

cone represents a quadric. If we take two space-like points as a first and a last control

point, we can find all quadratic pointwise space-like Bézier curves.

8 Conclusion

We conclude that the proposed goals were reached and the following results were

achieved.

At first, we defined a working space. The three dimensional Euclidean space with

regular quadric κ as obstacle and two given points A,B. The first goal was to find

all quadratic Bézier paths starting at A and ending at B representing collision-free

path with respect to an obstacle κ. This set of Bézier curves we represent by the

set of corresponding middle control points V (A,B). Because a quadratic curve lies

in a plane (denote by ρ), we studied the set Vρ(A,B) = V (A,B) ∩ ρ for each type

of conic section K = κ ∩ ρ. We determine the set of admissible points of contact

D ⊂ K between Bézier curves bACB and K, where C ∈ ρ. The set D consist of some

arcs on K, where the polars of the points A,B play the key role. For the points

A,B and contact point X ∈ D is the Bézier curve uniquely defined. Using the map
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sigma σ : D → ρ the corresponding middle control point C = σ(X) was obtained. We

present the equations for σ and we proved also that thus obtained points C create

the boundary ∂Vρ(A,B). The boundary consists of one ore two continuous curves,

which divide the plane ρ in some areas. The set of admissible middle control points

Vρ(A,B) consist of one or two areas depending on type of conic section.

The second goal was to find the quadratic spline representing collision-free path

with respect to set of obstacles O = {O1, . . . , Om} and passing through the points

P = {P1, . . . , Pn}. We solved the avoiding more obstacles simultaneously for P =

{P1, P2}. At first, we determine the set Vj(P1, P2) containing the admissible points

C for collision-free path due to one obstacle Oj separately for j = 1, . . . ,m. The set

of admissible middle control points Vρ(P1, P2) is obtained as intersection of all the

sets Vj(P1, P2). If the set P contains more then two points, we create the spline as

connection of quadratic Bézier paths between each pair PiPi+1 for i = 1, . . . , n − 1.

For the creation of C0-continuous spline it is necessary to find the sets Vρ(PiPi+1)

for each i. The existence of such spline is dependent on the existence of all the sets

Vρ(PiPi+1). For ensuring the C1-continuity of the spline, we used the properties of

the first derivative at the points of connection Pi for i = 2, . . . , n − 1. Validity of

the equalities Ci = 2Pi − Ci−1 for i = 2, . . . , n − 1 is necessary for C1-continuity of

the spline. We used the fact that the points Ci, Ci−1 are centrally symmetric with

respect to the point Pi. So, if we choose the first C1 ∈ V ρ(P1, P2) then all remain-

ing C2, . . . , Cn−1 are uniquely determined. We showed that if the point C1 is chosen

from the set W = V1 ∩RefP2(RefP3(. . . (RefPn−1(Vn−1) ∩ Vn−2) ∩ · · · ∩ V3) ∩ V2) where

Vi = Vρ(Pi, Pi+1), then the spline is collision-free with respect to set of obstacles O.

The existence of such spline is dependent on the W 6= ∅.

The third goal was to apply the observations from quadratic paths on the collision-

free paths represented by planar cubic Bézier curves and to formulate some theorems

and hypothesis about them. We focus on planar cubic Bézier paths with fixed control

point F . We solve the situation in the plane ρ with respect to K = κ ∩ ρ. We

determine the map σ : D → ρ for cubic Bézier curves. From the equations of this

map, we derive the necessary conditions for the set D as arcs K1, . . . , K4 on K. Again,

the key role is played by polars from the points A,B and the points where discriminant

of equation
�� ��1 vanishes. For singular K, the set Vρ(A,F,B) of admissible points C

consist of one or two areas similarly as in quadratic case. For regular K, we formulate

sufficient geometrical conditions for the set D in some special cases. For other cases,

we formulate some hypothesis. While searching for the conditions, the property of

Bézier curves that they lie in the convex hull of their control points was very helpful.

We formulate some hypotheses about the set Vρ(A,F,B), because they work very

well in a lot of examples.
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Gallusová, B.: Bézier curves and their properties in Minkowski space (in Slovak;
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