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Introduction
The presented thesis deals with balanced use of resources in the broadest possible sense. Balanced use of
resources is an important aspect of computations (or more generally, of discrete systems) that is considered in
a variety of practical settings. Let us for instance mention certain methods of heat reduction in microprocessor
design [58, 104] or load balancing in parallel computations [126]. An effort to theoretically understand balanced
use of resources as a phenomenon, without any particular application in mind, has recently been initiated in
the work of Kováč [84, 85] and of the present author [74, 75, 76], in which the use of states and transitions has
been studied mainly for deterministic finite automata. Automata with balanced use of resources are called
equiloaded in [84, 85, 74, 75, 76].
We continue in the theoretical direction of [84, 85, 74, 75, 76] in the presented thesis. We consider two
fundamental problems. First, we deal with the question how balanced use of resources can be defined and
(up to some level) studied independently of a particular model or setting. We provide a possible answer to
this question in Chapter 1, in which we develop an abstract framework for studying equiloadedness based
on transition systems. Second, it has been our aim to “lift” the theory for finite automata, developed in
[84, 85, 74, 75, 76], to some more powerful models. In particular, we deal with balanced use of resources
in certain families of context-free grammars in the remaining chapters. In order to prove our main results,
we make use of methods of analytic combinatorics [43], especially of singularity analysis [42], the so-called
Drmota-Lalley-Woods theorem [43, 25, 88, 125], and the recent Banderier-Drmota theorem [5] (we coin this
term, as to our best knowledge we are the first to make significant use of this result).

Structure of the Thesis
• In Chapter 1, we develop an abstract framework for studying balanced use of resources at an abstract
level of transition systems. We prove some basic results at this abstract level as well.
• In Chapter 2, we provide the necessary background in the theory of context-free grammars, algebraic
systems, and analytic combinatorics. The material presented here is organised in a way, which reflects
our approach to the analysis of combinatorial aspects of context-free grammars that we adopt later
on. We give a detailed treatment of the recent Banderier-Drmota theorem [5] in this chapter, which is
a cornerstone for our later developments. Our presentation also attempts to remedy several issues that
seem to occur in the Banderier’s and Drmota’s article [5].
• In Chapter 3, we make some preliminary observations that we use later on to develop our theory of
equiloaded context-free grammars.
• In Chapter 4, we study equiloaded linear and ultralinear grammars.
• In Chapter 5, we “lift” the theory developed in Chapter 4 to general context-free grammars.
The dependence diagram of particular chapters is shown in Figure 1.
Chapter 1
Abstract Framework
for Studying Equiloadedness

Chapter 2
Grammars and Enumeration

Chapter 3
Context-Free Grammars:
Preliminary Observations

Chapter 4
Linear and Ultralinear
Grammars

Chapter 5
General Context-Free
Grammars

Figure 1: Dependencies between particular chapters.
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The Abstract Framework Based on Transition Systems

In Chapter 1, we develop an abstract framework for studying balanced use of resources, which makes it
possible to come up with definitions and basic results independent of a particular model or setting. This
allows us to state our basic definitions once for all, without a need to do the same work repeatedly for each
particular model. The “universal” nature of the definitions moreover guarantees consistency when switching
between the same concepts for different models.
Previous research on theoretical aspects of balanced use of resources has mostly dealt with some simple
families of automata or machines [84, 85, 74, 75, 76]. In the later chapters of the presented thesis, we mostly
deal with their grammatical (or let us say equational) counterparts. We would also like to keep a possibility
for our theory to be shifted to more realistic models of computers, programs, and so on. We therefore find
ourselves in search of an abstraction that comprises all these particular settings.
Some sort of configuration space is present in each of the particular settings described above. Switching
between configurations can be described in discrete time steps and is controlled by some relatively simple
regulatory mechanism. For instance, one may think of Turing machines and their configurations “controlled”
by the transition function, or of grammars and their sentential forms “controlled” by the production rules.
An abstraction of this property can be provided by the concept of transition systems [71] (see Definition 1.1.1
in the thesis), which we use as a basis for our abstract theory of equiloadedness. Transition systems have been
used in a variety of modifications, mostly in formal verification and model checking [4]. However, our use and
interpretation of these structures is different in several aspects.
In Section 1.2, we show that common models of automata, machines, and grammars can all be described
in terms of transition systems. Moreover, it should be at least intuitively clear that practically any relevant
discrete time setting can be described in this framework. As a result, it is sufficient to provide the fundamental
definitions of equiloadedness for transition systems. Definitions of equiloadedness for particular models, such as
automata or grammars, can simply be obtained by specialisation of the abstract definition to the corresponding
class of transition systems.
Given the framework of transition systems, in Section 1.3 we turn our attention to the problem of capturing
the notion of resources. When it comes to studying equiloadedness, we are mostly interested in resources like
nonterminals or production rules in context-free grammars. Our understanding of “resource” should be general
enough to capture these. It should also be compatible with the resources often studied for machine-like models,
such as time or space [98]. However, the concept of a resource seems too elusive to be itself formally defined.
For this reason, we only formalise valid means of quantifying resources, which we call complexity measures.
This term is inspired by complexity measures such as time or space. Nevertheless, let us emphasise once again
that our main focus is on complexity measures that are slightly less usual.
We define complexity measures to be functions that assign an element of some set V to each run in a given
transition system. For the most important complexity measures, one can typically take V = N ∪ {∞}. This
concept is subsequently extended to complexity measures on classes of transition systems. For more details,
see Definition 1.3.1 and Definition 1.3.3 in the thesis.
However, complexity measures themselves do not appear to be sufficient in order to develop a full-fledged
abstract theory of equiloadedness, mainly because they can only be used to assign complexities to runs in the
transition system. For this reason, we introduce the concept of run assignment schemata in Section 1.4. Our
definition of this concept is motivated by several aspects of complexity measures.
First motivation behind this concept originates in the theory of computational complexity. There, complexity of a computation can be used to study complexity of an input word. For deterministic models of
computation, the complexity of a word is simply defined to be the complexity of the unique computation
on that word. For nondeterministic models of computation, where more than one computation may exist
on a single input, some kind of operation (usually a minimum) is used to determine the complexity of the
input word based on complexities of corresponding computations.
Another aspect that motivated our definition of run assignment schemata is that one is often not interested
solely in complexity of a single run or a single input word, but in complexity of some set of runs or words. In
computational complexity theory, one usually assigns to each n the maximum among complexities of words
of length up to n, and then studies the behaviour of these values when n tends to infinity. Similarly, we are
often interested in complexities of sets of runs having the same length.
Finally, one is usually interested in some restricted set of runs in a transition system only. For instance, if
a transition system corresponds to a finite automaton, one may be interested in runs beginning in an initial
state, in runs ending in a final state, and so on. Run assignment schemata can also be used to specify the set
of runs one is interested in.
We have defined a simple run assignment schema to be a structure containing some set of instances J,
a correspondence mapping f , and an evaluator function Ψ (see Definition 1.4.1 for formal details). Instances
should be thought of as objects, complexities of which one wants to study. The correspondence mapping
2

f relates each instance x to a set of runs f (x) corresponding to x. Finally, the evaluator function Ψ takes
a multiset of complexities on the input and returns one single complexity on the output. The idea is that each
“compatible” complexity measure φ can be extended to the run assignment schema so that the complexity of
each instance x in J is obtained by first applying the correspondence mapping f to x, and then by applying
Ψ on the multiset of complexities of runs in f (x). This is made precise in Definition 1.4.4. Moreover, we
define general run assignment schemata and extensions of complexity measures to such schemata in a similar
manner, but we allow more than one level of correspondence. That is, instances from some set J1 may
correspond to instances from some set J2 , and so on. See Definition 1.4.7 and Definition 1.4.9 in the thesis.
Transition system
(Definition 1.1.1)

Partial complexity measure

Complexity measure

Run assignment schema

(Definition 1.6.1 and 1.6.2)

(Definition 1.3.1 and 1.3.3)

(Definition 1.4.7 and 1.4.8)

Subtraction of complexity measures

Extension of a complexity measure to a run assignment schema

(Definition 1.7.2)

(Definition 1.4.9)

Constant complexity measure

Complexity assignment schema

(Notation 1.5.1 and 1.5.2)

(Definition 1.8.1 and 1.8.3)

Admissible complexity assignment schema

Quantifiable complexity assignment schema

(Definition 1.9.1)

(Definition 1.9.8)

Equiloadedness measure
(Definition 1.9.9)

∆-Equiloadedness

Weak equiloadedness

True equiloadedness

(Definition 1.9.2)

(Definition 1.9.10)

(Definition 1.9.11)

Figure 2: The genesis of our abstract definitions of equiloadedness.

From Section 1.5 to Section 1.7, we develop a technical toolkit needed to formulate our definitions of
equiloadedness. For this reason, we introduce constant and bounded complexity measures, partial complexity
measures, and some operations on complexity measures.
In Section 1.8, we introduce complexity assignment schemata (see Definition 1.8.1). A complexity assignment schema is a run assignment schema together with a set of complexity measures. All definitions of
equiloadedness that we propose in the thesis are formulated relative to a complexity assignment schema. In
essence, the idea always is to take all complexity measures from the complexity assignment schema and extend
them to the given run assignment schema. If the resulting complexities are close enough one to each other
(the precise meaning of this depends on a particular definition of equiloadedness), then the use of resources
quantified by the complexity measures in consideration can be said to be balanced.
In Section 1.9, we finally define equiloaded transition systems over a given complexity assignment schema.
In particular, we introduce three types of equiloadedness: ∆-equiloadedness (Definition 1.9.2), weak equiloadedness (Definition 1.9.10), and true equiloadedness (Definition 1.9.11). These can be viewed as generalisations
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of the notions of equiloadedness used in [84, 85, 74, 75, 76] to study balanced use of resources in finite automata
(see the notes at the end of Chapter 1 for details). There are some technical assumptions needed in our definitions of equiloadedness. In particular, we define ∆-equiloadedness just for complexity assignment schemata
that we call admissible (see Definition 1.9.1), and we define weak equiloadedness and true equiloadedness just
for complexity assignment schemata that we call quantifiable (see Definition 1.9.8).
The interconnections between the notions that we have used to formulate our abstract definitions of
equiloadedness are depicted graphically in Figure 2.
In the rest of the first chapter, we focus on some constructions on run assignment schemata and complexity
assignment schemata, which keep certain equiloadedness properties unchanged. More precisely, we deal with
what we call restrictions, refinements, and additive combinations.

2

Context-Free Grammars and Enumeration

In Chapter 2, we give an overview of concepts and known results that seem necessary to be stated and
provide the reader with an idea about some key points of the methodology that we adopt in the remaining
chapters. We do so mainly through specific organisation of the material, which is designed to emphasise the
close relations between grammars and some standard methods of combinatorial enumeration.
In Section 2.1, we identify the place occupied by automata and grammars in the bigger picture of analysis
of systems. We demonstrate that (at least deterministic) automata can essentially be seen as dynamical
systems. On the other hand, grammars can be seen as equations – fixed point equations, if the grammar
is context-free. The prominent role played by various kinds of automata and grammars in formal language
theory [56, 66] can thus be linked to the prominent role of dynamics and fixed points in applied mathematics
as a whole [70, 54].
Later in Chapter 2, we survey the basics of the theory of formal power series (noncommutative, commutative, and over graded monoids), list some basic facts related to context-free grammars and algebraic
systems, and finally introduce some basic methods of analytic combinatorics [43] and especially of singularity
analysis of Flajolet and Odlyzko [42]. In particular, we explore in Section 2.8 the recent result of Banderier
and Drmota [5] characterising Puiseux expansions of N-algebraic functions. Our presentation of this result
slightly differs from the original presentation of Banderier and Drmota [5], mainly due to our effort to fix
several issues that seem to occur in [5].

3

Preliminary Observations for Context-Free Grammars

The principal aim of the presented thesis is to study various families of equiloaded context-free grammars.
In Chapter 3, we introduce several concepts and prove a number of auxiliary results that we utilise later
in Chapter 4 and in Chapter 5 to obtain our main results.
In Section 3.1, we describe a canonical construction of a transition system that captures a given contextfree grammar and its leftmost derivations. Moreover, we introduce several complexity assignment schemata
on such transition systems. Most importantly, we give definitions of schemata (FoL, Prod), (FoL, NProd),
and (FoL, Non), which provide suitable frameworks for counting applications of particular production rules,
non-terminating production rules, and nonterminals in full1 leftmost derivations of a given length (see Notation 3.1.4 and Notation 3.1.6). In the rest of the thesis, we use the constructions described in Section 3.1
implicitly. This means that we deal directly with context-free grammars, but we bear in mind the fact that
we are in fact dealing with some special families of transition systems. This point of view makes it possible
to transfer the notions defined for transition systems in Chapter 1, such as our definitions of equiloadedness,
to context-free grammars. As a result, the setting of context-free grammars can be viewed as a particular
specialisation of the abstract setting described in Chapter 1.
In order to study equiloadedness of context-free grammars over schemata (FoL, Prod), (FoL, NProd), and
(FoL, Non), we develop some methods for combinatorial analysis of quantities such as the number of full
leftmost derivations of length n in a given grammar G or the number of applications of a given production
rule in full leftmost derivations of length n in G. The approach that we follow when dealing with problems like
these is to transform the grammar G so that the resulting grammar is unambiguous and the number of words
of length n generated by this grammar is equal to the quantity in consideration. After such transformation,
methods based on the Banderier-Drmota theorem can be applied to obtain an asymptotic estimate. In order
to count the number of full leftmost derivations, it is possible to utilise the already well known concept of left
Szilard languages [91, 92, 93]. The number of words of length n in the left Szilard language for some grammar
G is always equal to the number of full leftmost derivations of length n in G. We call the canonical grammar
1 By a full leftmost derivation, we mean a leftmost derivation beginning in the initial nonterminal and ending with a terminal
word.

4

generating the left Szilard language the left Szilard grammar (these grammars are described in Section 3.2).
To count applications of production rules in full leftmost derivations, we introduce in Section 3.3 what we call
pebble distribution grammars (see Definition 3.3.1). The number of words of length n generated by the pebble
distribution grammar for a grammar G and its production rule π equals the number of applications of π in
full leftmost derivations of length n in G. Moreover, pebble distribution grammars are always unambiguous.
We also relate pebble distribution grammars to Jacobians of algebraic systems (Theorem 3.3.4).
In Section 3.4, we define the notion of an enriched dependence hypergraph for a given context-free grammar G. This is a central concept for our considerations, as our main results are characterisations of families
of equiloaded grammars via some properties of their enriched dependence hypergraphs.
From Section 3.5 to Section 3.7, we focus on the case in which the generating functions for our quantities
are periodic (that is, they have multiple dominating singularities). The possibility of periodic behaviour makes
our considerations slightly more complicated, as the Banderier-Drmota theorem can be directly applied to
obtain an asymptotic estimate only if the function is aperiodic. For this reason, we provide a framework that
we later apply to handle the periodic case as well.
In Section 3.8, we make some connections to Perron-Frobenius theory. Finally, in Section 3.9, we link
certain properties of generating functions counting production rule applications in full leftmost derivations to
the properties of generating functions counting full leftmost derivations themselves. We apply these results
later in Chapter 4 and Chapter 5.

4

Results for Ultralinear Grammars

In Chapter 4, we study equiloaded ultralinear grammars. Note that each linear grammar is ultralinear and
each right-linear grammar is linear. That is, the results that we prove in Chapter 4 apply to these families of
grammars as well.
Theorem 4.1.1
Weak equiloadedness for production rules

Theorem 4.3.7
Number of full leftmost derivations
along a hyperwalk

Number of full leftmost derivations

Theorem 4.4.3

Theorem 4.3.9
Number of applications of a production in
full leftmost derivations along a hyperwalk

Theorem 4.4.4
Number of applications of a production
in full leftmost derivations

Theorem 4.3.10
Consistent strong zero-max periodic
behaviour of quantities for fixed hyperwalk

Theorem 4.5.1
Weak equiloadedness for non-terminating
production rules

Theorem 4.6.6
Weak equiloadedness for nonterminals

Figure 3: Interconnections between the key results of Chapter 4. Characterisations of families of equiloaded grammars
are drawn in “fat” rectangles and the most important ingredients for their proofs are drawn in “ordinary” rectangles.

We show in Section 4.1 that weak equiloadedness for production rules is almost impossible for ultralinear
grammars. More precisely, an ultralinear grammar is weakly equiloaded for production rules if and only if
its left Szilard language is finite. Moreover, in Section 4.2 we define what we call transient nonterminals
and prove that the situation with weak equiloadedness for nonterminals is similar to the situation with weak
equiloadedness for production rules if an ultralinear grammar contains such nonterminals. In the rest of
Chapter 4, we usually work under the assumption that the grammar in consideration is strongly proper
5

(see Definition 2.3.15). The results of Section 4.2 imply that we lose nothing interesting by this assumption.
In order to characterise ultralinear grammars that are weakly equiloaded for non-terminating production
rules and especially for nonterminals, some preparation is needed, which we undergo in Section 4.3 and
Section 4.4. In Section 4.3, we define full leftmost derivations along a given full hyperwalk in the enriched
dependence hypergraph (Definition 4.3.2 and Definition 4.3.3; see also Definition 3.4.11, which introduces
the notion of a full hyperwalk). Next, we characterise leading singular expansions2 of generating functions
counting full leftmost derivations of given length along a fixed full hyperwalk (Theorem 4.3.7) and of generating
functions counting applications of a given production rule in such full leftmost derivations (Theorem 4.3.9).
We also prove that under some assumptions, these generating functions exhibit what we call consistent strong
zero-max periodic behaviour (Theorem 4.3.10; see Section 3.6 for our definitions related to zero-max periodic
behaviour). In Section 4.4, we use the results established in Section 4.3 to characterise leading singular
expansions of generating functions counting all full leftmost derivations of a given length (Theorem 4.4.3) and
applications of a given production rule in all full leftmost derivations of a given length (Theorem 4.4.4).
In Section 4.5, we finally characterise ultralinear grammars that are weakly equiloaded for non-terminating
production rules and in Section 4.6, we prove a characterisation of ultralinear grammars weakly equiloaded
for nonterminals. The interconnections between the key results of Chapter 4 are depicted in Figure 3.
Finally, we prove in Section 4.7 that for non-terminating production rules and nonterminals, true equiloadedness essentially coincides with ∆-equiloadedness (this observation is trivial for arbitrary production
rules).

5

Results for General Context-Free Grammars

In Chapter 5, we essentially “lift” the theory developed in Chapter 4 for ultralinear grammars to general
context-free grammars. The structure of both chapters is similar. Nevertheless, heavier machinery is needed
in Chapter 5, as the generating functions corresponding to arbitrary context-free grammars are not necessarily
rational, but they are N-algebraic. For this reason, the Banderier-Drmota theorem and similar tools are crucial
for the purposes of Chapter 5.
Throughout Chapter 5, we work with strongly proper context-free grammars only (see Definition 2.3.15).
However, we argue in the introduction to the chapter that we do not lose much with this assumption.
Lemma 5.1.1 – Lemma 5.1.4

Theorem 5.2.1

Nonlinear root components

Weak equiloadedness for production rules

Theorem 5.4.7
Number of full leftmost derivations
along a hyperwalk in the hanger

Number of full leftmost derivations

Theorem 5.4.12
Number of applications of a production in
full leftmost derivations along a hyperwalk

Theorem 5.5.4
Number of applications of a production
in full leftmost derivations

Theorem 5.4.13
Consistent strong zero-max periodic
behaviour of quantities for fixed hyperwalk

Theorem 5.6.1
Weak equiloadedness for non-terminating
production rules

Theorem 5.5.3

Theorem 5.7.8
Weak equiloadedness for nonterminals

Figure 4: Interconnections between the key results of Chapter 5. Characterisations of families of equiloaded grammars
are drawn in “fat” rectangles and the most important ingredients for their proofs are drawn in “ordinary” rectangles.
2 These

are Laurent expansions, as generating functions corresponding to ultralinear grammars are always rational.
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In Section 5.1, we prove several auxiliary lemmas for context-free grammars with nonlinear3 root components, which we use in Section 5.2 to prove a characterisation of context-free grammars weakly equiloaded for
production rules. Similarly to its counterpart for ultralinear grammars, this is the easiest of the characterisations proved in Chapter 5. However, unlike in the ultralinear case, it turns out that the family of context-free
grammars weakly equiloaded for production rules is quite rich and by no means trivial.
In Section 5.3, we introduce hangers (Definition 5.3.2) and semihangers (Definition 5.3.7) of enriched
dependence hypergraphs. These are certain restrictions of enriched dependence hypergraphs that play an
important role in our later considerations. Hangers appear to be fundamental objects in many respects, and
we use semihangers in Section 5.7 in our characterisation of context-free grammars weakly equiloaded for
nonterminals. We also introduce the notion of vertex exponents in Section 5.3.
In Section 5.4, we define full leftmost derivations along a given full hyperwalk in the hanger of an enriched
dependence hypergraph (Definition 5.4.2 and Definition 5.4.3). This forms a generalisation of the similar
concept introduced for ultralinear grammars in Section 4.3. The results proved in Section 5.4 – that is,
Theorem 5.4.7, Theorem 5.4.12, and Theorem 5.4.13 – are counterparts of Theorem 4.3.7, Theorem 4.3.9, and
Theorem 4.3.10 for ultralinear grammars. Similarly, the results proved in Section 5.5 – namely Theorem 5.5.3
and Theorem 5.5.4 – are counterparts of Theorem 4.4.3 and Theorem 4.4.4 for ultralinear grammars.
Finally, in Section 5.6, we use the machinery developed so far to prove a characterisation of context-free
grammars weakly equiloaded for non-terminating production rules and in Section 5.7 we prove a characterisation of context-free grammars weakly equiloaded for nonterminals.

3 This is in the terminology of algebraic systems – in the strict terminology of grammars, the term “expansive” would perhaps
be more appropriate [6, 9, 23, 86, 87, 103].
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